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Swimming of a waving plate 


By T. YAO-TSU WU 


California Institute of Technology, Pasadena, California 
(Received 23 September 1960) 


The purpose of this paper is to study the basic principle of fish propulsion. As 
a simplified model, the two-dimensional potential flow over a waving plate of 
finite chord is treated. The solid plate, assumed to be flexible and thin, is capable 
of performing the motion which consists of a progressing wave of given wave- 
length and phase velocity along the chord, the envelope of the wave train being 
an arbitrary function of the distance from the leading edge. The problem is 
solved by applying the general theory for oscillating deformable airfoils. The 
thrust, power required, and the energy imparted to the wake are calculated, and 
the propulsive efficiency is also evaluated. As a numerical example, the waving 
motion with linearly varying amplitude is carried out in detail. Finally, the 
basic mechanism of swimming is elucidated by applying the principle of action 
and reaction. 





1. Introduction 

‘How does a fish swim’? is indeed a fascinating question. Geometrically, 
fishes of many varieties have their bodies in a planar form of finite aspect ratio, 
that is, their bodies have finite length and width and are thin in the third dimen- 
sion; other varieties have slender cylindrical forms. Almost without exception 
all fishes have a flexible body to the extent that they can perform undulating 
motions in swimming. Physical observations further indicate that in general 
the motion of the deformable body consists of a train of waves, which are not 
standing waves, but which progress astern. Furthermore, the wave amplitude 
usually grows toward the tail. Most fishes propel themselves in water at speeds 
corresponding to a Reynolds number, based on their length, of the order of 10° 
or higher. Presumably the inertia forces in the surrounding fluid are an im- 
portant factor in producing the propulsion; the viscosity of the fluid, other than 
generating drag, is important in creating circulation around the swimming body, 
and only in this role does it affect the propulsive forces. Taylor (1951, 1952a,b) 
has discussed certain aspects of propulsion of swimming bodies. In the first two 
references Taylor treated the problem of swimming microscopic organisms in 
viscous fluid where viscosity plays the leading role. In the third reference he 
investigated the swimming of long narrow animals. It is the purpose of this 
paper to study the mechanism of marine propulsion for very large Reynolds 
number and to discuss its important features such as the effect, on the propulsive 
force and the swimming efficiency, of the wavelength, the phase velocity of the 
wave, and the spatial variation in amplitude of the wave. 
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In order to simplify the determination of these complicated effects, this ana- 
lysis is limited to the relatively simple case of a two-dimensional waving plate of 
negligible thickness. The fluid is assumed to be incompressible and inviscid, but 
with the Kutta condition imposed at the trailing edge of the plate. The problem 
then becomes the general problem of airfoils in unsteady motion. In order to 
represent the body profile in swimming, the plate must have infinite degrees of 
freedom. The solution of the case for airfoils in oscillatory motion of general 
form has been obtained by Kiissner & Schwarz (1940); this solution is used as 
the starting point for further analysis in this work. However, the calculation of 
the propulsive force on the airfoil in unsteady motion has only been investigated 
for a limited number of simple cases, presumably because it is of small import- 
ance in any application in aeronautics. Karman & Burgers (1943, p. 304) cal- 
culated the propulsive force and the work expended in maintaining the motion, 
but only for the most simple case of a rigid plate in transverse oscillation, thus 
providing a qualitative theory for flapping flight. Another calculation of the 
propulsive force, for the particular case of a rigid wing, is given by Nekrasov 
(1948). Since the problem is of primary interest in connexion with the flight of 
birds, and especially with the swimming of fishes, the thrust, the power required 
for maintaining the motion and the energy imparted to the fluid are calculated 
here for the general case of a waving deformable plate. 

For further application of the general result, consideration is given to the 
motion of a flexible plate which consists of a train of progressive waves, the 
amplitude of the wave being taken as an arbitrary function of the distance along 
the plate, which is assumed to possess a Taylor expansion. In this general case 
it is found that the time-average of the energy imparted to the fluid, <Z,,), is 
always positive; it vanishes if, and only if, the circulation around the swimming 
plate remains constant. A subsidiary result indicates that the time-average of 
the power input, (P), can be negative (implying that energy can be extracted 
from the fluid), but only in case of an oscillatory motion with at least two degrees 
of freedom. It is also shown that when energy is taken out of the fluid, the average 
thrust on the body cannot be positive. As a simple example, the waving motion 
with linearly varying amplitude is carried out in detail, the results plotted in 
diagrams and their physical significance discussed. 

Finally, an attempt is made to elucidate the basic mechanism of swimming by 
applying the principle of action and reaction. When the plate acquires a forward 
momentum as it swims through a fluid, the fluid is pushed in the backward 
direction with the net total momentum equal and opposite to that of the action. 
Investigation of the strength of the vortex sheet shed from the trailing edge of 
the plate indicates that the forward thrust is positive only when the vorticity 
is so oriented that the fluid in the wake is pushed backwards from the tail, and 
the thrust is negative otherwise. Thus the momentum of the fluid in reaction is 
well concentrated in the vortex wake, appearing in the form of a jet of fluid 
expelled from the plate. 

After this paper had been submitted, the author learned of M. J. Lighthill’s 
work on a related subject (the swimming of slender fish) presented briefly in the 
Forty-Eighth Wilbur Wright Memorial Lecture (Lighthill 1960a) and sub- 
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sequently in a separate paper (Lighthill 19605). In these references the theory is 
worked out for slender fish. The problem dealt with in this paper, however, is 
concerned with what may be called a two-dimensional flat fish. The theory for 
swimming of real fishes ought perhaps to lie somewhere in between these two 
limiting cases. It may be speculated that this subject also has some application 
in the aeroelasticity of oscillating wings. 


2. Formulation of the problem; the acceleration potential 


Consider the two-dimensional incompressible flow of an inviscid fluid generated 
by the motion of a deformable solid plate of zero thickness spanning from x = — 1 
to x = 1 in an otherwise uniform stream of constant velocity U in the positive 
x-direction. The motion of the flexible plate may be prescribed in the general 
form by y=h(z,t) for —-l<2<1l, (1) 
where h(x, t) is an arbitrary continuous function of x for every time ¢, the maxi- 
mum amplitude of h and ch/cx being assumed very small compared with unity. 
The flow velocity q has 2- and y-components given by q = (U + uw, v) and satisfies 

inuity ti , 
the continuity equation divq = u,+v, =0. 2) 
(The subscript x, or y, denotes partial differentiation with respect to x, or y.) 
By assuming the perturbation velocity wu, v to be small compared with U, the 
Euler equations of motion for the ideal fluid may be linearized to give 


(; v2) q = —1gradp = grad 3 
at 5;) =~ 58" p = grad ¢, (3) 
where P(x, y,t) = (Po —P)/P, (4) 


in which p is the density, p the pressure of the fluid and p,, the pressure at in- 
finity. The constant term p,, is included in the above definition of ¢ for con- 
venience. The function ¢ is Prandtl’s acceleration potential, as grad ¢ gives the 
acceleration field of the flow. Taking the divergence of (3) and making use of (2), 


we obtain Z 
Pret Pyy = 0. (5) 


Hence ¢ is a harmonic function of (x,y) for every t. Consequently a conjugate 
harmonic function y(x, y,t) may be defined by the Cauchy—Riemann equations 


P, = Vy Qy oe Ve (6) 


It then follows that in terms of the complex variable z = x+iy, the complex 


acceleration potential 
f(z,t) = d(x, y, t) + iW(a, y, t) (7) 


is an analytic function of z at all times. Here, i = ,/— 1 is the imaginary unit for 
the space variables (7, y). In terms of f(z,¢) and the complex velocity 


w(z,t) = u(x, y, t) — v(x, y, t), (8) 
(3) may also be written 
of _ ow, ow 
a ede (9) 
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For given f(z, t), w can be obtained from (9) by integration 





1 f* 24-2 of (z, t) 
w(z,t) = a. a(at+ 57) dz,, g(z,t)= a (10) 
provided, of course, the integral exists. In the above, w is assumed to vanish at 
z = —oo, the upstream infinity. 


In unsteady flow, unlike steady flow, a vortex sheet will in general be shed 
from the solid plate to form a vortex wake, i.e. a surface across which the tan- 
gential velocity component is discontinuous, even in two-dimensional motions. 
The pressure p, however, is continuous everywhere inside the flow except across 
the solid plate. In particular, it is also continuous across the wake. Since ¢ is 
a linear function of p (see (4)), it follows that f(z, t) must be a regular function of z 
for every ¢ inside the flow except at the solid plate. Though the complex velocity 
w is also an analytic function of z, w may, however, admit discontinuities across 
the vortex wake, in addition to the singularities at the plate boundary. For this 
reason it is convenient to work with the acceleration potential; its application 
also results in considerable simplification in the analysis. 

The boundary condition that the component of the flow velocity normal to 
the moving solid boundary must vanish may be linearized to give 


v= +U x on y=+0 (-1<2< 1). (11) 


The corresponding condition on f(z, ¢) can be derived from (3) and (6) as 


0 Cv __dv 


0 o\' 

=z => a+ <eenime = —_ 4 9 
2 ay t Ua (; Uz) h(z,t) on y=+0O (—1<a4< 1), (12) 
It is seen from (11) and (12) that v and yw are even in y, and hence from the 
Cauchy—Riemann equations, wu and ¢ must be odd in y. Since ¢ is regular every- 


where inside the flow, it follows that 
p(x,0,t)=0 for |x| >1 and for all ¢. (13) 


At the trailing edge of the plate, z = 1, the Kutta condition requires 
|f(1,#)| < 00, for all ¢. (14) 


It should be pointed out, however, that in order to be possible to distinguish 
the trailing edge from the leading edge, the case of U = 0 should be treated as 
a limiting case of U + 0 with the configuration h(x, t) so given that the flow at 
z = 1 is in the direction of positive 2. Furthermore, it is required that 


f(zt)>0 as |z|>00; w(z,t)>0 as z>-0o. (15) 


This completes the statement of the problem. 
Of particular interest in the present work is the case in which the profile of 
the flexible plate has a progressive wave of arbitrary amplitude given by 


h(x, t) = A(x)cos(kx—wt+e) for |2| <1, (16) 


where k is the wave-number, w the circular frequency (which is taken to be 
positive throughout this work), ¢ an arbitrary phase angle and A(z) the arbitrary 
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amplitude of the wave motion. It is convenient to introduce the imaginary unit 
j =/—1 for the time variable t, e.g. exp (jwt) = coswt+jsinwt. The different 
notation 7 is used here so that it will not be confused with the imaginary unit 7 
for the space variables 2, y. (Thus, though 7? = —1 and j? = —1, 4 + —1.) In 
this notation the most general form of the simple harmonic motion of the flexible 
plate, including (16) as a special case, can be written 


h(x,t) =hy(x)e for |x| <1, (17) 


where h,(z) is an arbitrary real function of 2, but may in general be complex 
with respect to 7. Taking the real part of the above expression for the eventual 
physical interpretation is of course understood. 

By the conformal transformation 


z=4(¢+¢-), (18a) 
the original z-plane, cut along the x-axis from x = — 1 to x = 1, is mapped onto 
the region outside the unit circle |¢| = 1. On the unit circle, = exp (iO), and 
ae a = cos0. (185) 


Since the plate has zero thickness, h and ch/Cx must be even functions of 0. We 
assume that h,(2) in (17) can be expanded in a Fourier cosine series 


h(a, ¢) = [Ao > B,, cos nd] eft, (19a) 
n=1 
9 T 
where f= =| h,(x)cosn0d0 (n= 0,1,2,...). (19d) 
0 
The coefficients 7, like h,(x), may be complex inj. From (185), 
d/oa = —(escO)0/00 for y=90, |a| <1. 
Hence, from (19), 
0 R 2 ; 2 F 
= = and, nf, sin nd el = Ea = Yn COS no| om, (20a) 


from which it is readily seen that 
Yn-1— Yat = 2np, (n = 1, 2,...). (206) 


The coefficients y,, can be solved from the above recursion formula to yield 


8 


Yon = 2 XY (2m+1) Poms Yensr = 2 DX (2M+2)Pomse (m= 0,1, 2,...). 


m=n aan 
(20c) 
Substituting (19), (20) in (11), we obtain 
v(x, + 0, t) = — U [19+ > A,, cos nb] ei on x= cos, (21a) 
n=1 
where A, =—(Yntjoh,), G=o/U, for n=0,1,2,.... (21) 


The quantity o = w/U is called the reduced frequency referred to the half-chord 
which has been normalized to unity. If the chord is c, 7 assumes the value we/2U. 
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The solution for f(z, t) satisfying conditions (21) and (12)-(15) has been ob- 
tained by Kiissner & Schwarz (1940); the method may be briefly outlined as 
follows. If the acceleration potential f(z, t) is invariant under the mapping (18), 
i.e. f(z,t) = f{z(), t}, then the solution must assume the form 

f(z,t) = p+ip = iv? — + > A ei for {€ 

c+ 1 n=1 ty 
where the coefficients a,, are real with respect to i so that condition (13) is satis- 
fied. The term with a, in (22a) represents the singularity at the leading edge 
¢ = —1; the infinite series represents an analytic function which, when ch/éx has 
no discontinuity on the plate, is regular on and outside the unit circle |¢| = 1. 
To determine the a,,, we note that on the plate, € = e”, 





» &, (22a) 


U2 0+. 0 = * 6 jot 226 

= > tanst+ X a, sinng}e™, (226) 
ad “ n=1 

y = U2 Q% = 0) eft 29 

y= z+ L a, cos nd |e. (22c) 
a n=1 


Substituting (21) and (22c) in (12), we readily obtain 


ee Ay ES Ayana) for n= 1,2,3,.... (23a) 


The coefficient a, has to be determined by applying (10), the imaginary part of 
which becomes, in the present case of periodic motion, 
1. fe ale, yst 
v(x, Y, t) =— U ertes elas els, Y; ) dé. 
Choosing (x,y) to be any point on the plate (such as x = —1+0, y = +0), and 
applying conditions (21) and (22c), then by appropriate integration by parts 
and making use of (23a), we find that the infinite series cancel and the final result 


aaa dy = (Ap +A,) Clo) —Ay, (23) 


= K,(jo) 
() = Rijo) + K,(jo) 


Y 
é 


= F(c)+jG(o). (23c) 


where K, and K, are the modified Bessel functions of the second kind. F and G 
are respectively the real and imaginary part of C(o), which is usually called 
Theodorsen’s function (for its tabulated value, see Luke & Dengler 1951). 


3. Hydrodynamic forces 


The pressure difference across the plate, according to (4) and (225), is 


* 
= ply le tan 30+2 ¥ a, sin no| eft, (24) 


n=1 


the positive sense of Ap being in the positive y-direction. 
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(1) Lift. The lift on the solid plate is 
1 7 
L -| (Ap) dx -| (Ap) sin 0d0 = mpU?(a, + 4,) e™. (25) 
-1 0 


(2) Moment. The moment of force about the mid-chord, positive in the nose-up 
sense, is ‘ 
M = -| (Ap) adx = 4mpU?(a,— ag) e. (26) 
-1 


The real parts (with respect to 7) of (25) and (26) give respectively the lift and 
moment on the plate due to the motion given by the real part of (19). These 
results are of course known in unsteady wing theory (e.g. see Robinson & 
Laurmann 1956). 

(3) Thrust. The thrust, taken to be positive in the negative x-direction, acting 
on the solid plate is given by 


1 oh 
a wt] R 


in which the quantity with subscript R denotes the real part (with respect to 7) 
of that quantity, and 7, represents the thrust due to the leading edge suction. 
Since the thrust contains the non-linear terms of small amplitude, in calculating 
the integral in (27) the real physical quantities, given by the real part of their 
complex representations, must be used directly. For the subsequent analysis 
it is convenient to separate the real and imaginary parts of the following func- 
tions. For n = 0,1, 2,..., 


Be = Bi +jBy, Yne =, 451 7,) 


’ (28) 
a,c = A'4+jA", A, elt = Ar 4jA" J 
Then (Ap)p = pU>{As tan 40+2 > A; sin nd], (29a) 
n=1 
oh 1T + 
(=) =315+ ¥ y Ty, cos mO. (29b) 
R mal 


Substituting (29) into the integral for 7’, in (27), we obtain 
Tp = pu| 4 (l—cos8#)+ > S A} [cos (n — 1) 0—cos (n+ 1) 
0 n=1 


al AP o+ S TY, cos mo} dé 


i “a =1 


= jnpU2| A(T, — 1%) + > Av(T,1—Taas)}, (30a) 


ies n=1 


or Tp = ImpU*| Ay (T.—1%) +2 5 nA! “By. (308) 


n=1 
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The last expression follows from (206) and (28). 7p can still be expressed in another 

form by eliminating A; (for n > 1) from (30). Substituting (206), (21), (23) 
into (28), we have 

Pana a = RB, Toa Tia = mB, for n= 1,2,...; (Sha) 

A), = (o7/2n) (Bi_1—Briy)+20B,-Ty, for n=1,2,...; (31D) 

Ag = (Ag+ Aj) F(a) — (Ag + Aq) G(a) — Ay 

= (0B, — 1%) F(c) - (o By - 1) 1- F(o)] 
+ [o(By+ Bi) +(To+0P)]G(e).  (31e) 


fe @) @ te 8) 
Hence §) 43(0)4.-Ui4,)=0? © Bi(B_1-Bii)+4o d nB, Be 
n=1 n=1 


n=1 


00 or) 
™ ve VV , = 2 , , ali , F %! , u” 
bars i | ni Vang) = 07 BoB, —Tol +40 D> nB),B;,. 
n=1 n=1 
Therefore 


Tp = 4npU* Aj(To—T})-Tol,+07Bj Bi +40 SY nB, Br}. (32) 
n=1 
This expression exhibits more explicitly the dependence of 7, on the reduced 
frequency o since apart from A, the coefficients B,,, T',, are seen to depend on o 
only as a linear combination of sin wt and cos wt. 

The leading edge suction arises from the singular pressure at the leading edge, 
hence for its determination the non-linear terms in the expression for the pressure 
in the neighbourhood of the leading edge must be taken into account. The exact 
expression for the pressure is given by the Bernoulli equation 


(P—Pa)[p = —0D/dt — 4(U + wy) (U + Wy) + U?, 


where Wp denotes the complex conjugate of wp = up—Wp with respect to i, the 
subscript # indicating the real part inj, and ® is the velocity potential such that 
Up = 0O/0x, vp = 0®/dy. Now from (10) and (22), 


spices © pace See o 4a 
) — [J eivt—ioz fom 2 0 pia 
w(z,t) = Ue Zz e)72; ry le a +z | dz,, (33) 


where z, = 4(¢,+¢,"). Hence by integration by parts, it is readily seen that the 
asymptotic representation of w(z,t) near the leading edge is 





w(z,t) ~ eet O(N) es 


The part of w which is real in 7 thus reads 
its _— = 
é+1 {2(2+1)} 
From this result it can be seen that the velocity potential ® and 0®/et remain 
bounded near the leading edge and hence 


wp(z,t) = O(1) = +O(1) as z>-1. (34a) 


1 
P—Po = — Yow, +0(--)| as 2-1. (346) 
R 
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Since 0@/0¢ makes no contribution to p near the leading edge, the problem of the 
unsteady suction force hence reduces to the same problem for the steady motion 
in the sense that the time-dependent quantities appear only as parameters (or 
coefficients) in the expression for p. Let the w- and y-components of the singular 
force acting at the leading edge be denoted by Xg and Yg, then by applying 
Blasius’s formula to a small circle of radius € surrounding the leading edge, 
Xg—tYy = 6 w?.dz = —41pU?A°. 
Therefore Y; = 0, and the leading edge thrust is 


From (27), (32) and (35), the total thrust is 
Tf = Imp0*{(Ao+ T) (45-T})+07B) Bi +40 SY nBi Br). (36) 
n=1 
Two limiting cases are of particular interest. 
(i) o> 0. Foro < 1, F(c) and G(c) of (23c) can be expanded as 
F(c) = 1-420 +O(e?loga), G(o) = o(y+log4a)+O(c?loga), (37) 


where y is Euler’s constant, y = 0-5771.... Substituting (31) and (37) in (36), 
we obtain 


T = 4npU%{ — (clog 4c) (T4+T}) (19 +03)+O0(e)} for o <1. (38) 
Since I’ and I’ depend on ¢ only in the form of a linear combination of sin wt 
and coswt, T' therefore tends to zero like ologa as o > 0. This is, of course, 
D’Alembert’s paradox, as should be expected, that a rigid body immersed in 
a steady flow of an ideal fluid experiences no drag. 
(ii) o > 1. In this case, use of the asymptotic expansions of the Bessel func- 
tions in (23c) yields 


F(o) = 3[t+ 35+ Or], G(c) ~ - 35 |}- pane Ol]. (39) 


Hence from (31c) and (36) we obtain 
T ~ 4npU%{o7[ BB, +4(Bo — By)*7]+O(e)} for o> 1. (40) 


Thus, 7' behaves like a? as o > 00. 


4. Power required; energy conservation 

If the prescribed motion is to be maintained, then an external force equal and 
opposite to the pressure force across the plate must be applied. Over a segment of 
the plate of length dz, this external force is —(Ap),dx, acting in the positive 
y-direction. The power required to maintain the motion is equal to the time rate 
of work done by this external force, or 


1 oh 
P= -[ (Ap e() dx, (41) 
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where (¢h/0t), denotes the real part of 0h/ct which, by (19) and (28), is 


(=) - -o| 35; + s pak cos). 
R 


ot m=1 


Substituting this equation and (29a) into (41) and integrating, we obtain 


P = §npU*o| Ay(B5 - Bi) + & An By .—Byaa}. (42) 
n=1 } 

Upon elimination of A; from the above series, by using (316), and after some 

rearrangement of the terms, we finally have 


PP bnpU%o} Ai(By — Bi) + 20.By Bs — By I —B'l,+2 5 nB’B" 


n=1 
$08 3 (Bi Biss) (Bea—Bea)}- (420) 
n=1 
From this result it is noted that P vanishes with vanishing o and behaves like 
o° for large o. 

From the principle of conservation of energy, the power input P (or the energy 
put into the system per unit time) must be equal to the time rate of work done by 
the thrust, 7'U, plus the kinetic energy imparted to the fluid in unit time. Let 
the last quantity be denoted by E,,, then 


P=TU+Ey. (43) 
Making use of (36) and (426), we obtain 


a Inpv>| (7 Bs —T,— As) (0 BY — 1, +A’) +.0°( BY BY — BiB!) 


a , ” Re 1 , , ” ” 
—20 x nB,, By, +o" Qn (B,.. ae Bist) (Bra aa Bis] ° (44a) 
n= n= 


From (216) and (28), 
A, = o Be —T; 


n? 


At = ~(cB,+T5) for «= 0,1,2,..., (44b) 
which can be used to rewrite (44a) as 
, U a , nd 1 , , ” u” 
Ey = 2mpU$ (Ao os Aj) (Ay + Ay) ——_ x Qn (An-4 a Anat) (Aja Pr Ans} . (44 c) 
The energy lost Hy, can be determined by an alternative method. By the basic 
principle of hydrodynamics, Hy, is equal to the time rate of work done by the 
pressure over the body surface, that is 


Ey = -| pn.qds, 
Sp 5 


where n is the unit vector normal to the body surface S;,, pointing away from the 
fluid. At the leading edge where p and q are singular, S;, is replaced by a small 
circle € around the leading edge. Thus 


1 
By =o (~pm).adS,-[ (Ap)yvqle,0,t)de. 
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Using the solution (34a, 5) in the first integral, we find that this integral is equal 
to — 7, U where T, is the leading edge suction (see (35)). The second integral is 
readily integrable; the final result is found to be identically (44c). 


5. Average value of thrust and energy; efficiency of propulsion 


Since we are primarily interested in the average values of the thrust and the 
power input over a single period 7 = 27/w, we now define the time average of 
an arbitrary function of the time g(t) by 


wy a3 

Cott) = =| g(t a. (45) 
To determine the average values of the infinite series in (36), (426) and (44), 

we write —" : 
Bn = Bi +56, (n =0,1,2,...), (46a) 

where f; and f” are the real and imaginary parts of f,,. Then from (28), 
By = £), coswt—f) sinwt, BY = £7 coswt +f} sinwt. (46D) 
Expressions similar to these may be written for T/, I’, A’, A’. By using the 
lations ; ; 

a <cos* wt) = (sin? wt) = 4, <sinwt coswt) = 0, (47) 


it is evident that 


(B, Bnd = 9, (Bna— Bnsi) (Bra — Brss)) = 9, (48a) 
(Bo By) = (Bo BY) = 3(FoPi + Bo Ai)- (485) 


Therefore the time averages of the infinite series in (36), (426) and (44) vanish 
and consequently 


<P) = 4mpU*<(A5+ 1%) (Aj) + 0°, BS). (49) 
(P) = \npU%o (A5(B5 — BY) + 20By Bi — BST — BiT%). (50) 
(Ey) = 4mpU%<(Aj— Ag) (Aj + AG)). (51) 


These expressions indicate that <7’), <P), <Zy,-) depend on the time average of 
quantities which contain only five coefficients: Ty, ',, By, B, and Ay. These 
equations are for the moment left in the above relatively simple form; their 
values for a specific case will be calculated in detail in § 7. 

It is of interest to point out that (#,,) in general is positive definite. To show 
this result we first make use of (31 ¢) and write (51) as 


(By) = ympUS((A, +A}? F(1— F) + (As +A4) (Ag + AY) (2F -1)6 
— (Aj +Aj)?G?). (52) 
We further write, as in (46), 
A, =Aji+jA, (nw = 0,1, 2, ...), (53a) 
and hence from (28) 


A‘ = Aj coswt—Aj sinwt, A’ = Aj coswt+A/ sin vt. (53D) 
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Then from (47) it follows that 

<(Ag + Ai)?) = (Ap + AG)®) = B{(Ag + Ai)? + (Ao + Ai)? 

<(Ag + A4) (AS +.A%)) = 0. 

Therefore (52) becomes 

(Ey) = 4mpU%{(Ag + Ax)? + (Ag + Ag)?} LF — (F? + G?)]. (54) 
From the known behaviour of the Theodorsen function (see (23c)), it can be 
shown that F > (F?2+G?) for o > 0 and the equality holds only if o = 0. There- 
fore it follows from (54) that in general <#,,) > 0; it vanishes only in the special 
cases o = 0 and A, = —A,. The first case is the steady motion for which the result 
Ey = 0is obvious. The second case includes the trivial limiting case of Ay = A, = 0, 
but the general case with non-vanishing A, and A, is of more interest. As will be 
shown in the following section, the case of Ay = —A,, with A, + 0, corresponds 
to the condition under which the circulation around the solid plate remains 
constant (zero) so that no trailing vortex wake will be shed from the plate, even 
in wavy motion. 

From the above result it follows that <P)—<TU) = (E,,) is non-negative. 
Hence, when energy is taken out of the fluid (<P) negative), <7’) cannot be 
positive. However, no definite statement, such as the above for (Ey), can be 
claimed separately for ¢7') and <P). When <7’) > 0, and hence (<P) > U <T) > 0, 
we may define the average efficiency for producing useful thrust by 


n = UCT) KP). (55) 


6. Circulation around the plate; vortex sheet strength 


The vortex wake is assumed to lie along the x-axis downstream of the trailing 
edge. The strength of the vortex sheet at a point P(x, 0) of the wake is denoted 
by y(x,t). The circulation dT around a small rectangular circuit passing through 
the points A(z, +0), B(x+dx, +0), C(x+dx, —0), D(x, —0), in this order, is 
approximately 


or = q.ds = u(x, + 0) dx—u(x, —0) da, 


ABCDA 


which must be equal to the total vorticity within the circuit, ydx. This statement 
may be regarded as the definition of y. Since wu is odd in y, we therefore have 


y(x,t) = 2u(a, +9, ft). (56) 


Furthermore, at any point of the wake, x > 1, 


C 0 ou Ou 0 
a oe =f? = 0 
ot Oa ot OL} ym+6 O% } yng 


by virtue of (3) and (13). Hence for 2 > 1, y is a function of the single variable 
(x — Ut) only. Thus, if the value of y at the trailing edge is known, i.e. 


y(1,t) = 2u(1, +0, t) = g(t), 


say, then V(2,t) = 9-75") for x21. (57) 
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In a co-ordinate system fixed in the fluid at infinity, the trailing edge of the 
plate travels a distance — Udt along the x axis in the interval dt. If in the same 
time interval the circulation around the plate changes by the amount dT from 
the value I(t), then from the trailing edge there separates a vortex of strength 
—dI, which in turn is spread out into a vortex sheet of strength y distributed 
over a length U dt immediately behind the trailing edge. Hence 


w .. 


mee = —2U 5 
di Uy(i, t) 2Uu(1, +9, t). (58) 


The circulation [(¢) around the plate can then be obtained by integration. Thus, 
once the value of w at the trailing edge is known, the strength of the vortex wake 
and the circulation around the plate can be determined from (57) and (58). 

To calculate w, we first substitute (22a) in (10) and integrate by parts, giving 


1 a ee 
= pienso |" ebm flatde , 


Now ¢ = Ref = 0 ony = 0, |x| > 1; hence by separating the real and imaginary 
parts (ini = ,/—1), making use of (22), and by taking # = cos“! as the integra- 
tion variable over the plate, we obtain 


- ._- . 
u(1, +0, t) = Te jo} eit d(x, +0, t)dx 
= 


be a 


ef cos 0 |‘ (1—cos#)+ ¥ a, sinné sin o| dé. 


“ n=1 


a= —joU eto) [ 


0 
Substituting from (23a) into the above integral and integrating the terms with 
the factor (ja/2n) by parts, we find 


u(1, +0, theM"/(Zj0U) 


\| 


-|" eicosolag( —cos#)+2 > >, +5 (A. —Ays1)| sin nf sin q dé 
1 


9 
0 n= = 
= -| ef cos? [eo — cos @)+ >> A,,[cos (n — 1) 8—cos (n+ 1) 4] 
0 n=1 


+ 2. s-~&, Deee nb) dO. 


n= 
The infinite series in the above integrand terminates after rearrangement. Now 
(see Watson 1944) 


| e)7 89 cos nOd0 = 1)" J,(7) = m1, (jo), 
0 


where J, is the Bessel function and J, the modified Bessel function, both of the 
first kind. Hence 


u(1, +0, t) = —4mjoU &h-9 {(A, +a) (Jo) + (Ap — 49) Lo}. 
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By using (23) and the relation (see Watson 1944, p. 80) 
1 


Ip(z) Ky (2) + (2) Ko(2) = 
the above expression may be written 


u(1, +0, t) = —4nU e-”) __ agit = 
: Ko(jo) + Ky(jo) 
If Ay+A, = 0, then it follows from (57)—(59) that the circulation around the plate 
remains constant for all time and hence the vortex wake disappears. Further- 
more, it can be shown that K,(jo) +.,(jo) has no zero for real o (see Erdélyi & 
Kermack 1945). Therefore the necessary and sufficient condition for constant 


circulation around the flexible plate is 


(59) 


AgtAy = 0, (60a) 
which may be expressed, by using (20) and (21), in terms of the /,, as 
Jo(Pot+ fi) +2 ¥ nf, = 9. (606) 
n=1 


The motion for which the £,,’s (see (19)) satisfy (605) is the one in which no trailing 
vortices will be shed. . 
The circulation around the plate, from (58) and (59), is 

Vt) = nU eit-o) Not Ar a 

POs 0 jo Kj) + KGa) - 
In the limit of steady motion, w > 0, o> 0, the denominator of the above 
expression tends to unity, and A, > —y,, (see (21b)), hence [ >—a7U(y,+7;). 
Also, as ¢ > 0, a, >A, for n = 0,1, 2,... (see (23)), and so from (25) the lift 


becomes L = mpU%(A,+A,) = —7pU*(y) +1) = pUT, 


in agreement with the theorem of Joukowski. 


7. The flexible plate with progressive waves 


Consider in particular the motion of a flexible plate which consists of a train 
of progressive waves of wavelength A = 27/k and frequency w/2* , us given by 
h(x, t) = d 5b, exp (em) efet-ke) (~1 <2 < 1), (62a) 
m=0 
where b,, are taken to be real coefficients, ¢,, are constant phase angles, the 
amplitude of the wave being taken as an arbitrary function of x as represented 
by the series. Without losing generality we may take €, = 0. The above equation 
may also be written 


h(x, t) = 5 bm i"(5p)  exptilot— ke +n) (-l<a< 1). (62b) 


m=0 Ck 


In terms of the variable 0 defined by (186), we may write (Watson 1944, p. 22) 


e-ikx — e-ikcos0 — Ji(k)+2 ¥ (—J)"d,(k) cosnd, (63) 
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where J,,(k) is the Bessel function of the first kind. Thus 


n=1 


h(w,t) = ZS by JMexp (Jey) [yay +2 » (— J" Jk) eos nd| ciel, (64) 


where J™(k) stands for d”J,,(k)/dk™. If the wave propagates in the negative 
«direction, k assumes negative values; this can be obtained by the continuation 
Ink) =(—)"I,(—k),  TM(k) = (— yen J — k). (65) 
Comparing (64) with (19), we find that 
Bn =2 >» 6, | in exp (JEm) Tr(k) (n = 0,1, 2, ose) (66) 


m=0 


Substituting (66) in (20c) and using the relations (Erdélyi 1953, vol. 2, p. 99) 


KJon(k) = 2S (—Y-* (204 dnarlk) (n= 0,1,2,...), 


si (67) 
kon +s(k) =2>% (- ia (2v+ 2) Jo,49(k) (n = 0, s, 2, — 
v=n J 
we obtain, for n = 0,1, 2,..., 


So . (d\n 
Yn = 27th & Om J” EXP (J€m) (i) [kJ,,(k)]. (68) 


Substituting (66) in (28), we find, for m = 0,1, 2,... 


Bs 9 ea (4 an(k) 
an} = 2(-)" & D,(m,t ” . 69a 
— Bons ( ) m=0 u Jon +1(k) ( , 
Bsn — (* on(k) | 
= 2(—)” > + D m,t ’ 695 
,. re ( ) m=0 ul ill ¢) 


where D, and D,,; denote the differential operators 


0 2m : 0 2m+1 
Dy(mn,t) = (—Y"* [Day 008 (H+ 6p) (=) — Dam 41 Sin (Wt + €2m +1) (=) | 


; OQ \2m oO \ 2m+1 
Diy(m, t) = ( aa 1 Pon si (wt > Ean) (;;) + Dom+1 cos (wt + €am+1) (5,) ° (70) 


0 


Similarly, from (68) and (28) we find, for n = 0, 1, 2,..., 


Pon \ _ ny keJan,(k) 
= | “ 2¢ . ) Pulm, 4 Fraaet i sin ®) 

Ti | = ay» $ Dyin Hn 
a ee Raa ae _ 

Upon substitution of the above relations in (31c), we obtain 

Ag = 2 ¥ Dylm,t) Qo, k) + Dy(mm,t) Qo, b)} (72a) 
where Q(o, k) = (eo —k) {F (oe) Jo(k) + G(o) Jy(k)}, (72b) 
Q(o,k) = (o—k) {1 —F(e)] J (k) + G(o) Ay(k)}. (72c) 


The other coefficients (namely A}, Aj, ...,A”,...) do not appear in {7') and <P); 
they will not be given here. 
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Finally, when the above expressions for B,, B,, (9, [,, Ag are substituted in 
(49), we have 
M Je So ws vhs 
npU?~ * x, Y [Dyr(m, t) Q4 + Dy(m, t) Q][Dy(7, t) Q4+ Dir, t) Oy) 
m=0r=0 
+20? 5 5 [D,(m, t) Jg(k)] [Dry(7, t) Jy I). ( (73a) 
m=0r=0 
where Q, = O(c, k)+kJ(k), Oy = O(c, k) + kJ, (k). (73b) 
By making use of the results 
<sin (wt + €) sin (wt + 6)) = (cos (wt + €) cos (wt + 6)) = 4.cos (e—9), 
<sin (wt + €) cos (wt +6)>) = $sin (e—94), 
we obtain, after some straightforward manipulation, 
T a , n ow n—1 
a= (_3, (eS + EB TS), 
npU v=0,2,4,... r=0,2,... n=2,4,... r=1,3,. 
x {LAPOY- + QOQL-P] cos (6, — En») 
+ [AQ + OP QY-? + IP S'-7] sin (€, —€,,_,)} 


+ DS (yb "SD b,b, f{L9O9-? + 09.0% 4 QrQg-r 


n=1,3,... r=0,2,... 
+ QLQO7] sin (6, ey 1) + [QQ + QPOE— — QHQU— 
— OP QE? + CIP IL? —IPITY—)] cos (€, — En_)}; (74) 


where the superscript numerals in the parentheses denote the order of differ- 
entiation with respect to k, e.g. Q” = 0"Q/dk". 

To calculate <P) it is convenient to use the relation <P) = <TU)+<E,,), 
since <H,,,) can be readily derived from (54). From the definitions (216) and 
(53a), we obtain by using (66) and (68) the following 


M\ 42 (7 —k) Jk) 

yp =? 2? 10", 0){ jeep 

MN) 4 f bate 
a~<2 3 Da 

| n sm 0) o—k) J(k) 


Substituting these expressions into (54) and rearranging the terms, we find that 
E 7 19 9 = oe nd —_ 
¢ mie 2 = [F- (+o) ( a - p> oe _ <a p> b,On-+ 
T™pU n=0, 2, r=0, 2,... 2,4, r= 1,3, ... 
x (NN? + NY NY—”) cos (€, —- En os ONY No? sin (€,—€,_,)] 
oO n—1 
+2 yd (--'* SF s On ANY NY? + NP NY—) sin (€,—€,_,) 


n=1,3,... f=0, 2,... 


+(NPNE-? —NONY-”) cos (¢,—en+)]}, (75a) 


where N(o,k) = (o—k) A(k), N(o,k) = (ok) d,(k). (755) 





l in 
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3b) 
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With <7’) and <E,,) determined as above, the average power required is then 
(P) = UCT) + (Ey). (76) 
If the chord of the plate is c, then the above results hold valid if ¢ = we/2U, 
k = mc/A (A being the wavelength), <7')/7pU? is replaced by <7')/7pU?(4c), and 
(Eyy)/mpU® by (Eqy)/mpU*(te). 
If the series in (62a), which represents the amplitude function of the plate 


motion, has but a finite number of terms, then both series in (74) and (75) will 
terminate. In particular, we shall consider the following special example. 


8. Waving plate with linearly varying amplitude 

In order to exhibit the effects of the non-uniform amplitude of the progressing 
wave along the plate and the effect of the different phase angles, we consider 
the relatively simple case 


h(x, t) = by cos (wt — kx) + b, cos (wt — kx +) 
= Re{[bo +b, xei]ei-ka, for —-l<a<l. (77) 
This is a special case of the general motion (62) with 6, = 6, = ... = 0, €) = 0, 
€, = €. From (74) it is readily verified that (7) now reduces to 
Sin = BT,(o,k) +62 7,(c, k) + b9b,[T,(o, &) cose + T,(c, k) sine], (78) 
where 17(0,k) = Q(a,k) Q,(¢,k)+Q(o, k) Q,(o, k), 
a OQ, 0Q0Q, 


Fo.) = SE Ok tok Ok’ 


Tle, k) = a6 ~0 00 o*|J3+ J} 


1 
ok oe ra 4, ‘ 


k 


0 
T,(7,k) = — ap i T,(o, k). 


The functions Q, Q are given by (72) and Q,, Q, by (73). 


From (75) we derive, for the present case, 


E - 4 Ld 
on = U2 W,(c, k) +b? Wi(c, k) + b)b,[W,(o, k) cose + W,(7,k)sine], (79) 


where W,(o,k) = [F —(F2+ G2)] [N32 + 3], 


Wo, k) = [F - e+e y|(52) + Gz) ] 
ON) 


W,(o, k) = 2UF —(F?+G?)] [> > N, El 





0 
(o, k) = — ap le, k). 


The functions N, and N, are given by (750). 
22 Fluid Mech. 10 























FIGURE 1 


FicureE 1. Variation of the thrust-coefficient function T,(¢,k) with the reduced frequency o 
at several circular wave-numbers k (cf. statement below equation (76)). 
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Ficure 2. Variation of the thrust-coefficient function 7',(0,k) with thereduced frequency « | 


at several values of k. 
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FIGURE 3 


FicurRE 3. Variation of the thrust-coefficient function 7',(o,k) with the reduced frequency o 


at several values of k. 


Ficure 4. Variation of the thrust-coefficient function 7',(0,/) with the reduced frequency o 


at several values of k. 




















FIGURE 4 
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FicurE 5. Variation of the power-coefficient functions P,(o,k) and P,(¢,k) 
with the reduced frequency o at several values of k. 
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Ficure 6. Variation of the power-coefficient functions P,(¢,k) and P,(¢c,k) 
with the reduced frequency o at several values of k. 
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The average power input, from (76), is therefore 


/ 

pee = bi Pi(o, k) +02 Po, k) +b,6,[P,(o, k) cose + P,(o,k)sine], (80) 
where Pio,k) = T,(o,k)+W,(o,k) (¢ = 1, 2,3, 4). 
In figures 1-6 the above results for 7, and P, are plotted versus the reduced 
frequency o in the range 0 < o < 6 for the wave-numbers k = —1-5, —1, —0-5, 
0, 0-5, 1, 1-5, 2, 3. The results show that 7, and P, vanish at o = 0, and, for large 
values of a, the magnitudes of 7, and P, behave like o? and o°, respectively. 
For any given values of b, and 6,, the average thrust and the power required 
can be readily obtained by simple linear combination of these functions. Par- 
ticularly simple are the cases (1) by + 0, 6, = 0, and (2) by = 0, b, + 0; the solution 
for these cases, apart from a proportionality factor, are simply 7,, P, and 7}, P. 
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Figure 7. Swimming efficiency for two configurations, 7, for a uniform wave amplitude, 
and 7, for a linearly varying amplitude symmetrical about the plate centre. 


The first case (b) + 0, b, = 0) represents a waving plate with a uniform wave 
amplitude. For a given positive k, implying that the wave travels toward the 
tail, both the thrust and the power required vanish at o = k, when the wave 
velocity is equal to the free-stream velocity since the wave velocity is then 


c= fk = Uclk = U. 


This means that this wave form becomes frozen with respect to the fluid at 
infinity so that the plate merely travels along a sinusoidal path fixed in the space. 
As can be verified, this motion creates no circulation around the waving plate. 
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For positive k, the thrust <7’) and the power required <P) are negative for 
0<o<kand positive for o > k. Negative values of (P) mean that energy is 
taken out of the fluid; this is possible only if k > 0. For a rigid plate in transverse 
oscillation (k = 0), <P) is non-negative, in agreement with the remark by 
Karman that energy can be taken out the fluid only in the case of an oscillatory 
motion with at least two degrees of freedom. For a flexible plate with k + 0 the 
degrees of freedom are infinite in number. At every fixed o, both 7, and P, 
decrease with increasing positive k. In the range of negative k, corresponding to 
wave propagation toward the head, it is noted that 7, and P, have the general 
trend of decreasing with decreasing k. Thus, 7 and P, reach their maximum 
values near k = 0 for each given a. Perhaps of more significance is the efficiency 
which becomes in this case 9, = 7,/P,. The values of 7,, plotted in figure 7, 
indicate that in the range of positive thrust (7, > 0) 7, increases with increasing 
k (negative as well as positive) for fixed o. This implies that the percentage 
rate of decrease in 7 is slower than that in P, with respect to increasing k, for 
all k. Consequently, from the viewpoint of the efficiency, it is advantageous to 
have the waves propagating towards the rear. This result is interpreted here as 
affording a qualitative explanation of the observation that fishes in nature 
usually have the wave form of their body propagating from the head to the tail. 

The functions 7, and P, behave in much the same manner as 7’, and P,, as 
may be seen from the figures. The function 7, = 7},/P, is plotted in figure 7. 

In the case of U -> 0, with w = oU fixed, the limiting solution becomes 


2 t 2 yf 2 
> Boga 8T (4-2) +a 


m™pw ae 4 k 
+ Pots | (45+ 93- por) cosé+ a sine| ’ 


<P) > 2B) > 2U CT). 


9. The basic mechanism of swimming 

From the basic principle of action and reaction in mechanics, it is to be 
expected that, when the plate attains a forward momentum as it swims through 
a fluid, the fluid must be pushed in the backward direction with a net total 
momentum equal and opposite to that of the action. From the resulting flow 
picture it can be seen that the momentum of reaction is concentrated in the 
vortex wake and appears in the form of a jet of fluid expelled from the plate. 
This mechanism has been elucidated, for the simple case of a rigid plate in trans- 
verse oscillation, by Karman & Burgers (1943, p. 308). It is not difficult to illus- 
trate this mechanism for the present more general case by the following 
consideration. 


Consider again the simple case b, + 0, 6, = b, =... = 0, as discussed pre- 
viously. The plate motion is given by 
h(x, t) = bycos(wt—kx) for -—l<2<1l, 


so that the trailing edge moves according to 


h(1, t) = by cos (wt —k). 
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The trailing edge will reach the highest position at ¢ = k/w. At this instant the 
vortex sheet at the trailing edge, by (56) and (61), has strength 


k Agta 
1,—) = —7URe| —° 1 _.. eto. 
r( a Perse are 
Now for this case, by (66) and (68), 
Bo = 2 Al(k), By =—2W jA(k), Yo = —2p jkI(k), yy = — 2 ykA(k). 
Hence from (216) 
Ag+ Ay = —[Yo+ V1 +J7(Bo + Pr)] = — 2bo(o — k) [A(k) +jo(*)].- 
Furthermore, 
Kojo) + Ky(jo) = — af (0) + ¥(o) + j[Jo(o) — Yi(o) 3, 

where Y,, are the Bessel functions of the second kind. Hence 


ob BL ; (o—k) H(o,k) 
y (1 =~ #00 ya) 4 ¥,(o) P+ Lalo) —¥,(o)?” 
where 
H(o,k) = {J,(k) [J,(7) + Yo(7)] + Jo(k) [Jo(o) — ¥,(o)]} cos (a — k) 
+ {Jg(k) [J(o) + Yo(o)] — (hk) [Jo(o) — Yy(o)]} sin (o — k). 





FIGURE 8. A qualitative sketch of the trailing vortex waves 
in the wake of a swimming plate. 


By using the formula (Watson 1944, p. 77) J;(z) ¥j(z) —Jo(z) ¥4(z) = 2/72, it is 
readily seen that H(k, k) = J2(k) +J2(k) + 2/mk, 


which is positive definite for 0 < k < oo. Actually it can be shown that H(o,k) > 0 
for 0 < 7 < 0, 0 < k < (see Appendix). Therefore it follows that, so long as 
both o and k are positive, 


k : 
(1.5) $0 according as oZk. 


Consider first the case o > k > 0. When the trailing edge is at the highest posi- 
tion, the vorticity shed from the plate is negative, or in counterclockwise sense, 
as sketched in figure 8. On the other hand, when the trailing edge is at the lowest 
position, i.e. at the opposite phase in time, the vorticity shed from the plate is 
positive. This indicates that the more detailed structure of the wake will have 
the form of a series of parallel waves in which the vorticity varies across the wake 
from a negative strength at the top to a positive value at the bottom. If now the 
velocity field due to this vortex system is calculated, it is found that the fluid in 
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Swimming of a waving plate 343 
the vortex wake is expelled downstream of the plate, moving in the form of a 
jet in the positive x-direction. Consequently, by the principle of action and 


reaction, the plate experiences a positive thrust, as the result shows. For the 
same reason, the thrust is negative if 0 < 0 < k. 


This work is sponsored by the Office of Naval Research of the U.S. Navy. 
The assistance rendered by Mr D. P. Wang, Mrs Zora Harrison and Mrs Luna 
Fung in the computations and by Mrs Rose Grant in preparing the manuscript 
is greatly appreciated. 


Appendix 


This note is toshow that H(a,k) > Ofor0 < a < 0,0 < k < «, where (see (81)) 
H(o,k) = [J,(k) A(o) + A(k) B(c)] cos (o — k) + [Jy(k) A(o) —J,(k) B(o)] sin (o —k), 
A(o) = J(7)+¥(), Bio) = 4(7)-¥,(0). 


By using Schafheitlin’s integral representations for the Bessel functions (Watson 
1944, p. 169), for Rez > 0, 


ieee “oa (2+ 30) e-tecot qo 
TJ costé ine” 


° 7 0 ary ; 


and the relation J,(z) = —J9(z), Y;(z) = — Y(z), one readily obtains 


Punto~3 
A(o) = (0) +¥o(o) = =| = 30) 21 eto 49, 
0 cos? @ sin?@ 


4 hn _ 
Bo) = Jy(o)—¥y(o) = 5 [ "SEHD arene, 
» cos! @ sin? 


Using these results, one finds, after some straightforward manipulation, 


He,t) = Sh Ge (¢—6) —cos ¢ cos }(4k + 4 —8)] ] , a1 coto+k cot ddd. 
(cos 0 cos ¢)! sin? 6 sin? d 


This shows that the sign of H depends only on the quantity in the square bracket 
in the numerator of the integrand, which is independent of o, since the re- 
maining part of the integrand is never negative. Therefore, the sign of H(c, k) 
is at least independent of oc. It follows that, for any given positive k, the function 
H(o,k) must have the same sign as the function 


H,,(k) = J(k) cosk+J,(k) sink 


which is the asymptotic representation of }r7aH(o,k) aso >+0. 
Now the derivative of H,, is 


Hy(k) = ae sin k, 
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which vanishes at k = m7, m = 0,1,2,..., and at k=k,, the positive zeros of 
J,(k). The value of k&, is known to lie in (n7+7/8,n7+7/4), n = 1,2,3,... 
(Watson 1944, p. 490). A study of the value of H4(k) at these zeros of H;,(k) 
shows that the only minima of H,,(k) are at k = mz, m = 1, 2,3,.... But 


H, (mn) = (—)"J,(mm) (m = 1, 2,3,...), 


which are all positive since it is known that sgn[J)(mz)] = (—)”. Therefore 
H,,(k) > 0 for 0 < k < o; the final result is then obvious. 
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Experiments on the flow past a circular cylinder at 
very high Reynolds number 
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Measurements on a large circular cylinder in a pressurized wind tunnel at Rey- 
nolds numbers from 10® to 10’ reveal a high Reynolds number transition in 
which the drag coefficient increases from its low supercritical value to a value 
0-7 at R = 3-5 x 10° and then becomes constant. Also, for R > 3-5 x 108, definite 
vortex shedding occurs, with Strouhal number 0-27. 





1. Introduction 

Shortly after the closing and before the dismantling of the Southern California 
Co-operative Wind Tunnel (CWT), some time was made available to us for a 
high Reynolds number experiment on a circular cylinder. In this large pressurized 
wind tunnel (Millikan 1957) it was possible to reach a cylinder Reynolds number 
R of close to 10’, compared to about 2 x 10°, the highest value for which wind 
tunnel measurements were previously reported in the literature. There are, in 
addition, some measurements in natural wind, up to about R = 4 x 10° (Dryden 
& Hill 1930; Pechstein 1940), about which we comment more fully later. 

The many experimental measurements of drag coefficient C, at subcritical 
Reynolds numbers are in fairly good agreement as to the values of C,(R), but in 
the supercritical range, i.e. after the transition to low values of C;, there is little 
agreement, except that C, lies between values of 0-2 and 0-4. It is not clear 
whether the relatively large discrepancies here are due to difficulties in measure- 
ment or whether the flow here is more sensitive to the conditions of the experi- 
ment. The measurements of Delany & Sorensen (1953) at Reynolds numbers up 
to 2 x 10 exhibit a multivaluedness which they attribute (private communica- 
tion) to changes in the flow from a symmetrical to an unsymmetrical type, higher 
values of C;, occurring in the unsymmetrical flow. Other authors claim to observe 
no asymmetries. 

On the question of vortex shedding at high Reynolds number there is little 
information. It is well known that vortex shedding occurs at Reynolds numbers 
below the critical value, with a dimensionless frequency (Strouhal number S) 
of about 0-2. At critical and supercritical Reynolds numbers there are, to our 
knowledge, only two sets of measurements. The early ones by Relf & Simmons 
(1924) indicate that in the transition range there is a predominant frequency in 
the wake, which they called ‘aperiodic’, compared to the ‘accurately periodic’ 
flow at R < 105. Their measurements show that the Strouhal number of these 
frequencies increases as the drag coefficient C, decreases. 
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More recently, Delany & Sorensen (1953) obtained measurements at still 
higher Reynolds numbers (10° to 2 x 10°) using a pressure pick-up in the wake 
close behind the cylinder. The shedding frequencies, which were determined from 
the predominant frequencies on an oscillograph record, show considerable 
scatter, as do those of Relf & Simmons; the values of S are between 0-35 and 0-45. 

From these two sets of measurements, it would appear that S rises rapidly in 
the interval R = 2 x 10° to 10°, and that there may be a rapid decrease at about 
2 x 108, 

Our intention in the present experiments was to overlap the Reynolds number 
range of the existing measurements, while extending them to values of R as 
high as possible. The time available for preparing and performing the experi- 
ments was so short as to preclude a thorough investigation of all aspects of the 
flow, but it was hoped to obtain answers to a few obvious questions: Does the 
drag coefficient continue to change? Is there vortex shedding? Is there an 
asymptotic state, i.e. can we say anything about the ultimate form of the flow 
as R — oo, and at what values of R are we approaching it? 


2. Experimental arrangement 

The experiments were performed in the subsonic test section of the CWT, 
which had a height of 8-5 ft. and width of 11 ft. It could be pressurized to 4 atm; 
pressures of 1 and 2atm were also used. To avoid compressibility effects, the 
flow speed was limited to a Mach number of about 0-25. 





Ly 


Hot wire 
Splitter Position 
plate — caer | | 
, =“ : | }141n. , 
\ 18 in. ==4S=—> baie (Se 132 1n 
57 1n.— 
88 in - 
Wind tunnel wall \ 





FicurE 1. Arrangement of cylinder in the wind tunnel. 


The cylinder was a seamless ‘black steel’ pipe which had been sandblasted 
to remove its protective paint and scale. This resulted in a surface roughness of 
about 200 p-in. The cylinder had a diameter of 18in. and was round to within 
gin. (in diameter). It spanned the 83 ft. height of the test section. Pressure 
orifices were located every 10° (with additional ones at 6 = 95° and 105°), over 
half the circumference at the middle section. These were connected to a pressure 
measuring system consisting of pressure transducers which read out to digital 
indicators and recorders. The sensitivity of this system was set to give full output 
at the highest dynamic pressure, consequently there was a deterioration of 
accuracy at lower values of the dynamic pressure. 

A hot-wire anemometer was mounted at a fixed position, 7-3 diameters down- 
stream of the cylinder axis and 0-7 diameters off the centreline, as shownin figure 1. 
The output of the hot wire, in a standard circuit, was fed into a spectral analyser, 
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which could scan the frequency spectrum and record it on a pen recorder. We 
were looking for possible vortex shedding peaks in the spectrum. Whenever 
one was indicated on the record, it was tuned by hand and its frequency accurately 
determined by comparing it to an oscillator signal whose frequency was measured 
by an electronic counter. 

Provision was made to install a ‘splitter plate’ on the centreline behind the 
cylinder, as indicated in figure 1. It also spanned the 8} ft. height of the test 
section, extended 4ft. along the centreline, and was 2in. thick, being made up 
of two pieces of plywood bolted together. 


3. Wall interference corrections 


To obtain the highest possible Reynolds number, the cylinder diameter chosen 
was a little larger than might have been desirable from the point of view of the 
wall interference. With a diameter d = 1-5ft. and tunnel breadth 6 = 11 ft., 
the blockage ratio was d/h = 0-136. To correct for the wall interference effects, 
we made use of the formulas of Allen & Vincenti (1944), which give, for the cor- 
rected values of velocity and drag coefficient V and C; in terms of the measured 
values V’ and C). 


7 2 
— =14+1C; (;) +0-82(7) : (1) 
Ca ie 17 d 9. d\* y 
of ~1-4Cale)-2465). . 


These formulas were obtained, following the earlier work of Lock, Glauert and 
Goldstein, by using image doublets to represent the interference between wall 
and cylinder, and image sources to represent the interference between wall and 
wake; the two effects give the third and second terms, respectively, in the 
formulas. Such an analysis does not take into account possible interference 
effects on the separation mechanism and the structure of the wake close behind 
the body; changes in these could have an important effect on the drag. This 
would be especially important in regions where C, is changing rapidly with R, 
but probably less important where C, is nearly constant. The experimental 
evidence relating to wall interference on cylinders is not entirely satisfactory. 
We have used equations (1) and (2) as the best available, believing them to be 
fairly accurate at our highest Reynolds numbers, where C; is nearly constant. 
The maximum corrections to V’ and Ci), were about 4 and 10%, respectively. 
The uncorrected drag coefficient C’, was obtained by integrating the measured 
pressure distribution C),(7); it was then corrected with equation (2). When 
corrected values of pressure coefficient C, were needed (e.g. figures 3 and 4), 
these were obtained from 
\2 
(y-1) = (7) -2) (3) 


Corrections for Reynolds number # and Strouhal number S are the same as 
for the velocity. 
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4. Results (a) Drag coefficient 


The corrected values C, are plotted against R in figure 2. Also shown, for com- 
parison, is the well-known curve of C,(R) at lower values of R. Different in- 
vestigators do not agree exactly on this curve, but the differences are small, 
except in the supercritical region. We have chosen Wieselsberger’s (1921) curve 
as representative and have also plotted the results of Delany & Sorensen (1953) 
in the supercritical range (all the dashed lines). The latter extend to a higher 
Reynolds number than any other wind tunnel experiments of which we are 
aware, and they illustrate the difficulty in obtaining consistency in the super- 
critical range. It had been hoped that our experiments would overlap the 
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FIGURE 2. Drag coefficient. 


existing measurements more than they do, but we were unable to obtain sufficient 
accuracy at our lowest Reynolds numbers, since the dynamic pressures were so 
low that the resolution of the pressure-measuring system became inadequate, 
and there was insufficient time to change it. 

Our results match the trend of those at lower Reynolds numbers, as well as 
this can be determined from the multivalued behaviour, and it is apparent that 
C, increases in the range 10° < R < 3-5 x 10°, from a value of about 0-3 to about 
0-7, and then levels off at the latter value. It will be noted presently that the 
value R = 3-5 x 10° apparently marks the end of a transition range. 

Also shown on figure 2 is the value of C,; obtained by Dryden & Hill (1930) in 
some experiments that are apparently not well known. These measurements 
were made on a smoke stack with a clear height of 120 ft., the values of C; being 
obtained from pressure distributions at a section 41 ft. from the top, where the 
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diameter was 11-8ft. The wind speeds were about 25-40m.p.h., which corre- 
sponds to Reynolds numbers of 3-5 x 10°. Their mean value of C, for a group of 
observations is 0-67 + 0-04, and it may be seen that this agrees quite well with 
our results. A point of interest is that Dryden & Hill inferred the wind speed 
from the measurements on the cylinder, making use of the fact that the maxi- 
mum pressure is stagnation pressure, while the pressure at 31° on either side of 
that point must be nearly static pressure. For experiments in the natural wind, 
this technique is clearly better than one using a velocity measurement at some 
location removed from the cylinder. 
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FicurE 3. Base pressure coefficient. 


In another set of experiments with a short stack (J = 30ft.,d = 10ft.), Dryden 
& Hill obtained much lower values of C,; (approximately 0-4) at the same values 
of R. The lower value may be attributed to the small length—diameter ratio, as 
may the similar results of Pechstein (1940) on a cylinder of length 10m and 
diameter 2m in a natural wind. 


(b) Base pressure coefficient 


Changes in C; are closely related to changes in C,,,, the pressure coefficient on the 
back of the cylinder. This was determined from the average pressure over 20 
or 30° on either side of the rearmost point. The results (corrected values) are 
plotted in figure 3, together with a curve obtained by Flachsbart (1929) at lower 
Reynolds numbers. The curve determined by our points is faired into Flachsbart’s 
curve. (We have not included other investigators’ results on this plot ; inclusion 
of these would show a scatter or multivaluedness at supercritical Reynolds 
numbers, like that on the C,(R) curve.) 
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(c) Pressure distribution 
A pressure distribution at one of the highest Reynolds numbers (8-4 x 10°) is 
shown in figure 4, in which the corrected pressure coefficient C,, is plotted against 
0, the angle measured from the stagnation point. Shown for comparison are 
typical pressure distributions at lower Reynolds numbers, R = 1-1 x 10°, which 
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Ficure 4. Pressure distributions. 


is typical of subcritical Reynolds numbers, and R = 6-7 x 10°, which is typical 
of Reynolds numbers just above the critical transition to low values of Cj. 
Our curve, which is nearly the same as the mean curve given by Dryden, differs 
from the other two. It shows a base pressure coefficient which is nearer to that 
of the subcritical distribution, but the distribution of pressure near @ = 90° 
indicates that the separation point is further back than in the subcritical flow, 
possibly at 90° or greater. (The point at 6 = 80° is a bad point; it has no sig- 
nificance with respect to separation.) 

The pressure distributions for all our experiments are similar to this; the main 
effects of Reynolds number and splitter plate are on the base pressure coefficient 
(cf. figure 3). 

(d) Shedding frequency 
The Strouhal number S of the vortex shedding frequency is plotted against R 
in figure 5, together with previous measurements in the transition range and at 
subcritical Reynolds numbers. 
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1t should be pointed out that, with the technique used, the measurement of S 
is much more accurate than that of C,,, since the accuracy does not decrease with 
decreasing dynamic pressure. This improved accuracy is apparent from the small 
scatter in S(R). 

Of much significance also is the fact that at our measuring station, vortex 
shedding was not observed at R < 3-5 x 10°, although observations were made 
at all Reynolds numbers down to 0-9 x 10°. The onset of shedding at R = 3-5 x 106 
was quite definite. Below this value no peak frequency occurred; above this 
value there appeared a strong spectral peak, well above the turbulence level. 
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Ficure 5. Strouhal number of vortex shedding frequency. 


The (somewhat lower) harmonic (i.e. double the shedding frequency) also 
appeared, as is typical at subcritical Reynolds numbers for a hot wire not too 
far off the wake centreline. Although we were not able to make correlation 
measurements, say, at two wake positions, we have little doubt that what was 
observed was vortex shedding similar to that below R = 10°. 

This raises the question of why we did not observe the frequencies reported 
by Delany & Sorensen (1953) at values of R between 10° and 2 x 10°. The latter 
measurements (as those of Relf & Simmons 1924) were made with a probe only 
1 or 2 diameters behind the cylinder, whereas ours was 7-3 diameters downstream 
of the cylinder axis. It was not possible to move it closer during the course of 
our experiments. We shall return to this point later. 

Relf & Simmons (1924) noted that an increase in shedding frequency is accom- 
panied by a decrease in drag, and vice versa. This is illustrated in figure 6, in 
which C, and 1/8 are plotted over a wide range of values of R. 


(e) Effect of the splitter plate 
Experimental points for which the splitter plate was installed behind the 
cylinder are indicated on the figures by flagged symbols. The main effects of the 
splitter plate are as follows. (i) The shedding is suppressed; there is no indication 
of a peak in the spectrum. (ii) The plot of C, (figure 2) indicates a small decrease 
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in C, at values of 2 above 3-5 x 10°, but no effect at all at lower values. This is in 
contrast to the marked effect at subcritical Reynolds numbers observed in an 
earlier investigation (Roshko 1955). Evidence of a decrease is more obvious in 
figure 3, which clearly shows a decrease in —C,,, at R > 3-5 x 10°. (iii) There is 
no significant effect on the pressure distribution, other than that related to changes 
in the base pressure; the distributions are all similar to the example given in 
figure 4. 


































af =) GRE: SSSR GARE SEERA mmeemee |. 
| Nw | | Ribner & Etkin | 
=n ~ EN ee | 5 
| \Relf & Simmons 
| | Kovasznay, Roshko | - \ee | 
| | | | 
: - — | T+ Roshko} 4 
\ H '&y, 
| | | | \e | / . 
ei | | eit 
i Wieselsberger | 7 —— Delany] ° 1/8 
; | ; | Sorensen) . 
| ——— ~ | Roshko | * 
| gw?) 
on ee eee =e ae 
| | | 4 / | 
| | 
. — a. to: [ | — & Sorensen 
1 10 102 103 104 10° 10° 107 


R 


Ficure 6. Drag coefficient and reciprocal of Strouhal number. 


Unfortunately, it was not possible to go to Reynolds numbers as high as in the 
experiments without the splitter plate, because at the higher dynamic pressures 
severe flutter developed at the trailing edge of the splitter plate. The reason for 
this flutter is not clear; apparently it was not connected with vortex shedding 
off the cylinder, since this was suppressed by the plate. Possibly shedding off 
the trailing edge of the splitter plate itself had an effect. 


5. Ideas about the flow 


It was not possible in these experiments to make a detailed investigation of 
the wake structure, but from the results obtained we tentatively propose the 
following picture of the wake development. 


(a) Transitions and characteristic ranges 


The lower, or critical, transition at 2 x 105 < R < 5x 10°, from high to low values 
of C;, is followed by another (upper) transition, at 10° < R < 3-5~x 108, to a new 
plateau on which the coefficients have the following mean values: C; = 0-70, 

‘yb = — 0°86, S = 0-267. (Possibly the whole range from R = 2 x 10° to 3-5 x 108 
could simply be called the transition range.) For convenience in referring to 
them, we call the range on either side of the lower transition ‘subcritical’ 
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(Cy = 1-2) and ‘supercritical’ (C, + 0-3), respectively, according to established 
custom; let us call the plateau following the upper transition ‘transcritical’ 
(C, = 0-7). 

As is well known, the (critical) Reynolds number at which the lower transition 
occurs can be lowered by introducing turbulence into the flow or roughness on 
the cylinder; we may expect a similar effect on the upper transition. 

In the lower transition the wake width d,, decreases from values larger than 
the cylinder diameter d to values smaller than d, as the separation point moves 
from the front to the back of the cylinder. In the upper transition, the indication 
is that the wake ‘opens’ again, the separation point moving forward. However, 
it does not move to the front of the cylinder, and d,, remains less than d. This 
view is supported by the form of the pressure distribution (figure 4) and by the 
values of C,,, and S at transcritical Reynolds numbers; the reasons are outlined 
in the next section. 

A rapid opening of the wake would also explain the fact that, for the narrow 
wakes, we did not observe shedding frequencies 7 diameters behind the cylinder 
whereas Delany & Sorenson did observe them close to the cylinder. 
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FicuRE 7. Free-streamline model for relating base pressure coefficient to wake width. 


(b) Free-streamline model 


It has been found useful (Roshko 1954, 1955; Eppler 1954) to represent the mean 
flow in the vicinity of the cylinder by a free-streamline flow having the character- 
istics sketched in figure 7. In this model, the pressure on the wake boundary is 
constant (C,, = C,,) from the separation point s to a point t at which the boundary 
becomes parallel to the free stream. Beyond ¢t the wake width remains constant 
at the value d,,, while the pressure recovers to the free stream value. In a wake 
of type A, which is characteristic of the subcritical region, separation is on the 
front of the cylinder, and d,,/d > 1; for type B, which is characteristic of super- 
critical and transcritical flow, separation is on the back of the cylinder and 
d,,/d < 1. 

In some earlier work (Roshko 1954, 1955) we had postulated that the shedding 
frequency n must depend only on the wake parameters d,, and V,, = V(1—C,,,,)}, 
and that in terms of these there must be a universal Strouhal number, defined by 
S* = nd,,/V,,, which is independent of the body producing the wake. Thus, it is 
related to the conventional Strouhal number S = nd/V by 


S _ ovo 
S*- dV d, 
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(1 — Cy). (4) 





354 Anatol Roshko 


From experimental determinations of S and C,,,, for circular cylinders, wedges 
and flat plates at subcritical Reynolds numbers, and from the theoretical relation 
between C,,,, and d,,/d for flows of type A, we concluded that the universal 
Strouhal number has the value S* = 0-16. 

Now if the nature of the vortex shedding at transcritical Reynolds numbers is 
basically the same as at subcritical values, then the universal Strouhal number 
should apply to this range also. We corroborate this as follows. It can be shown 


from a simple momentum consideration (Eppler 1954) that, for flows of the type 
shown in figure 7, C, = (—C,,) (d,,/d). (5) 


Applying this formula to our measurements in the transcritical range (type B), 
we obtain d,,/d = 0-70/(0-86) = 0-81. This value in equation (5) then gives 
S = (0-16) (1-86)?/(0-81) = 0-27, which checks very well with our mean experi- 
mental value 0-267. 

These measurements seem to confirm, then, that at transcritical Reynolds 
numbers d,,/d < 1, but the vortex shedding is otherwise similar to that at 
subcritical values. 

Attempts to make similar calculations in the supercritical régime are un- 
successful. Taking experimental values of C, and C,, from several sources, we 
find that calculated values of d,,/d vary from 0-3 to 1-2, the latter clearly in dis- 
agreement with observation, and calculated values of S vary from 0-15 to 0-7. 
We must conclude that either the experimental data in this region is inaccurate, 
due to an inherent capriciousness of the flow, or the free-streamline model is 
inapplicable here. 

(c) Effect of the splitter plate 
In experiments at subcritical Reynolds numbers (Roshko 1954) it was found that 
a splitter plate has a strong influence on the flow. Briefly, the flow changes from 
one with alternate shedding to a steady symmetrical flow in which the separation 
streamline reattaches on the splitter plate, forming two closed recirculation 
regions on either side of the plate. At Reynolds numbers of the order of 104, 
C,,, changes from about — 1-0 to — 0-5 and C, from 1-2 to 0-7 (ef. figure 2). 

The present experiments with a splitter plate at transcritical Reynolds num- 
bers, while rather limited, due to the flutter problem mentioned earlier, also 
indicate a definite effect. The vortex shedding is stopped, C,, is changed from 
— 0-86 to — 0-76, and C, is changed from 0-70 to 0-63; the changes in the coef- 
ficients are not nearly so spectacular as at subcritical Reynolds numbers. 

In the upper transition leading to the transcritical régime, the splitter plate 
appears to produce no effect whatsoever on C; and C,,,. This raises the question 
as to whether, in the supercritical régime, there is true vortex shedding; inter- 
ference with the alternating flow that must accompany vortex shedding should 
produce some effect. 

In the experiments by Fung (1960) who measured the fluctuating forces on a 
cylinder at Reynolds numbers up to 1-4 x 10%, no definitely periodic force was 
observed, in contrast to the case at subcritical values (Ribner & Etkin 1958). 
Unfortunately we were not able to look for the frequencies reported by Relf & 
Simmons and Delany & Sorenson and to observe the effect of the splitter plate 
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on them, since we could not shift our hot-wire probe to a position near the 
cylinder. 
(d) Nature of the transitions 

The existence of the upper transition makes it somewhat difficult to interpret 
the flow in terms of the classical description of the critical Reynolds number, 
which is roughly as follows. ‘At subcritical Reynolds numbers the separation is 
laminar, and occurs early, on the front of the cylinder. With increasing Reynolds 
number, transition in the boundary layer moves ahead of the laminar separation 
point, the now turbulent boundary layer can withstand a greater pressure rise, 
and so separation moves to the rear of the cylinder, with a consequent decrease 
in the drag coefficient.’ To include the new results in this picture we would now 
have to say that in the upper transition a turbulent separation moves forward, 
finally reaching a stationary point, still on the back of the cylinder, and C, 
becomes constant. 

It is probable that the actual events are somewhat more complicated. Bursnall 
& Loftin (1951) have pointed out that in the supercritical range there is evidence 
of a laminar separation ‘bubble’, that is, a localized region consisting of a laminar 
separation, transition, reattachment and turbulent separation. Such bubbles 
have been observed to play an important role in the stalling of thin airfoils. The 
occurrence of a bubble is indicated, for instance, by a ‘flat’ in a rising pressure 
distribution, such as that at about 6 = 105° in Flachsbart’s curve (figure 4). 
If the region of localized separation is small, the flat may not be so definite. 
It is possible that a separation bubble occurs throughout the supercritical range. 
On the other hand, it is certain that at sufficiently high Reynolds number there 
will be no bubble. We suggest that the disappearance of a separation bubble 
characterizes the transition from the supercritical to the transcritical régime. 
(We are indebted to Dr I. Tani for a discussion of this point.) This suggestion 
is tentative, subject to further experimental investigation, but we have no other 
explanation of the upper transition. 

Thus we would propose the following classification: at subcritical Reynolds 
numbers the separation is laminar, in the supercritical range there is a laminar 
separation bubble followed by turbulent separation, and in the transcritical 
range the separation is purely turbulent. 


6. Concluding remarks 


It is unfortunate that the time available for our experiments was too short to 
permit an investigation of some of the points raised in the preceding paragraphs, 
particularly since facilities for obtaining such high Reynolds numbers are not 
generally available. But even in the more accessible range of supercritical 

Xeynolds numbers, additional work is needed. The question of vortex shedding 
in this range needs more attention and a study of the development of the laminar 
separation bubble would be useful. 

We are left with the question concerning the asymptotic nature of the flow for 
R >. What would be the further effect of increasing R beyond the values 
reached in our experiment? It seems unlikely that there will be any further 
transitions, since the point of boundary-layer transition can now only move 
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smoothly forward on the cylinder. This may affect the location of the separation 
point, but can hardly be expected to produce rapid changes. There is then the 
question of Reynolds number effects on the flow in the wake. To detach this 
problem from the problem of separation it would be very useful to have a set of 
experiments on a flat plate normal to the flow over as wide a range of Reynolds 
numbers as we now have for the circular cylinder. For a plate (or for other 
sharp-edged configurations, such as wedges) the separation point is fixed at the 
edge, and changes in C;, C,, and S must be dependent only on the effect of R on 


Dp 
the wake mechanism. Such information should indicate the trend for R > oo. 


We are indebted to the many people whose co-operation made this ‘crash 
program’ possible. The wind tunnel time was donated by the CWT owner com- 
panies, crews of the Guggenheim Aeronautical Laboratory and CWT assisted 
with the experiments, and the Fluid Mechanics group of the Jet Propulsion 
Laboratory provided instrumentation. David Russell and Dorothy Diamond 
assisted with the experiments and the computations, respectively. 


REFERENCES 

ALLEN, H. J. & VINCENTI, W. G. 1944 Wall interference in a two-dimensional-flow wind 
tunnel, with consideration of the effect of compressibility. Nat. Adv. Comm. Aero., 
Wash., Rep. 782. 

Bursnatt, W.J. & Lortin, L. K. 1951 Experimental investigation of localized regions of 
laminar boundary layer separation. Nat. Adv. Comm. Aero., Wash., Tech. Note 2338. 

Detany, N. K. & SoRENSEN, N. E. 1953 Low-speed drag of cylinders of various shapes. 
Nat. Adv. Comm. Aero., Wash., Tech. Note 3038. 

Dryven, H. L. & Hitz, G. C. 1930 Wind pressure on circular cylinders and chimneys. 
Bur. Stand. J. Res., Wash., 5, 653-93. 

Eprier, R. 1954 Beitriige zu Theorie und Anwendung der unstetigen Stromungen. //. 
Rational Tech. Anal. 3, 591-644. 

Facer, A. & FALKNER, V. M. 1931 The flow around a circular cylinder. Aero. Res. Counc., 
Lond., Rep. and Mem. no. 1369. 

FLACHSBART, O. 1929 From an article by H. Murrray 1932. Handb. Experimental- 
physik, 4, part 2 (Leipzig), 316. 

Fune, Y.C. 1960 Fluctuating lift and drag acting on a cylinder in a flow at supercritical 
Reynolds numbers. J. Aero Space Sci. 27, 801-14. 

Kovasznay, L. 8. G. 1949 Hot-wire investigation of the wake behind cylinders at low 
Reynolds numbers. Proc. Roy. Soc. A, 198, 174-90. 

MILLIKAN, C. B. 1957 Advanced education and academic research in aeronautics. J. R. 
Aero. Soc. 61, 793-808. 

PecusTEIn, W. 1940 Der natiirlichen Wind und seine Wirkung auf einen grésseren 
Kreiszylinder. Dissertation, Tech. Hochschule Hannover; reported by A. Prdéll, 1942. 
Z. Ver. dtsch. Ing. 86, 222-3. 

Retr, E. F. & Stmmons, L. F. G. 1924 The frequency of eddies generated by the motion 
of circular cylinders through a fluid. Aero. Res. Counc., Lond., Rep. and Mem. no. 917. 

Ripner, H. 8. & Erxin, B. 1958 Noise research in Canada. Proc. lst Int. Congr. Aero. 
Sci., Madrid (publ. by Pergamon Press, London, 1959). 

Rosuxo, A. 1954 On the drag and shedding frequency of bluff cylinders. Nat. Adv. 
Comm. Aero., Wash., Tech. Note 3169. 

RosHko, A. 1955 On the wake and drag of bluff bodies. J. Aero. Sci. 22, 124-32. 

WIESELSBERGER, C. 1921 Neuere Feststellungen iiber die Gesetze des Fliissigkeits- und 
Luftwiderstands. Phys. Z. 22, 321-8. 














vind 
or0., 


s of 


338. 
pes. 


ind 














A dispersion relation for waves of finite amplitude in 
a two-stream plasma 


By F. D. KAHN 


Department of Astronomy, University of Manchester 
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A dispersion relation is derived for plane space-charge waves of finite amplitude 
in a plasma containing two oppositely charged streams of particles. The relation 
may be expressed simply in parametric form; it can also be quite well approxi- 
mated, in two different ranges of amplitude, by expressions for the wavelength 
in terms of the maximum variation of the electrostatic potential. 





1. Introduction 


Much interest has been shown, during the past few years, in the properties of 
space-charge waves in a two-stream plasma. This is the simplest kind of plasma 
witha velocity dispersion, and yet it shows up some of the most common properties 
of plasmas in general. For example, linearized theory predicts that an oscilla- 
tion in such a plasma can be exponentially amplified when its wavelength is below 
a certain critical value, determined by the densities and the relative velocity of the 
two streams, and the masses and the charges of the particles in them (see, for 
example, Kahn 1957). Buneman (1958) has proposed that this tendency to 
instability may prohibit too rapid a flow of electrons past the ions in a plasma, 
and may thus set a limit to the current density which can be attained. However, 
it has not apparently been possible yet to verify by experiment that the predicted 
instability exists, because the spread of velocities in each plasma stream cannot 
yet be made sufficiently small (Nexsen, Cummins, Coensgen & Sherman 1960). 

An analytical expression, in parametric form, is derived in this paper for the 
dispersion relation of atwo-stream plasma. The result is valid for finite amplitudes, 
but applies only to cases in which the two plasma streams are oppositely charged, 
and where neither set of particles is trapped by the wave. We shall consider only 
steady waves; however, the formulae here established can probably be used to 
study some classes of amplified space charge waves to an approximation higher 
than the linear one, and the author hopes to do this in another paper. 

It is, of course, known that the problem of the construction of a plasma wave of 
finite and constant amplitude can be reduced to that of performing a quadrature 
(see, for example, Bernstein, Greene & Kruskal 1957). Thus let the wave pattern be 
at rest in the chosen co-ordinate system, let the mean densities of particles in the 
streams be 7,, the particle masses m/,, the particle charges Z,e and the particle 
energies y, (7 = 1, 2,3,...). At a point where the electrostatic potential is V, the 
particle velocities will be 


u, = V{(2,/m) (x,— Z,eV)}. (1) 
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We restrict our further discussion to the case in which none of the particles are 
trapped, so that uw, never vanishes or changes sign. If F, is the particle flux in the 
rth stream, the particle density there will be 


nr, = F,|u,, (2) 


and then Poisson’s equation gives that 


provided there is overall space charge neutrality, or 
>7,Z, = 0. (4) 


The right-hand side of (3) is a function of V only; the first integral of this equation 
can therefore be found immediately. A further quadrature gives x as a function 
of V, and, on inversion, V as a function of x. Thus an expression can be found for 
the wavelength of the plasma wave; the result will then be given in terms of the 
particle fluxes F, and energies y,. From these results one can also find the values 
of 7, and of the mean velocities 7, of the different kinds of particle, and in principle 
the dispersion relation can then be expressed in terms of them, rather than in 
terms of F, and y,, if desired. 

But the process we have described involves much numerical work. In the next 
section we shall show how this may be avoided for the case of a two-stream 
plasma.* 


2. A derivation of the dispersion relation 


We begin the derivation with the help of the equations of motion and con- 
tinuity and Poisson’s equation for two oppositely charged streams of particles. 
Once again the frame of reference is chosen so that the wave pattern is stationary. 
We have: 


the equations of motion Uy es = = E, (5) 
the equations of continuity NU, = 7,7, (7) 

Ng Uy = Nyy; (8) 
Poisson’s equation = = 4me(n,Z,+7 Zo), (9) 


and the condition of overall space-charge neutrality 


i, Z,+7i,Zy = 0. (10) 


* Langmuir (1929) has solved, by numerical integration, a problem of this kind for an 
ion-electron plasma. 
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The symbols u,, 4,, Z,, n,, x, U, and 7, have the same meaning as they had in §1, 
and further H = electric field intensity. The equations are made dimensionless 
by the substitutions 





U, = u,/u,, a) 
1+8, = n,|[Np, ; (12) 
-k2 = 4re* (“Se “aa 
m uw ii , 
X = ke, sia 
tan?¢ = Myf Qj [Nah2Zy (15) 
uz uw 
_ ksine COS € 
4nni, Z, @ ; (16) 


in virtue of the condition of overall space charge neutrality (10), the relation (15) 


is equivalent to 
q _ /y|Z,| Ma|Zo| (17) 
2 


i us 


tan? e¢ 


Finally, one can assume without loss of generality that Z, is positive and that 


26> 
tan?¢ > 1, so that ln <e< dn. (18) 


Equations (5) to (10) are then equivalent to 


US = é tane, (19) 
U; —— = —é& cote, (20) 
U,(1+8,) = 1, (21) 
U,(1+S,) = 1, (22) 
and _* (5- zz) sine COS €. (23) 
It follows from (19) and (20) that 
U?cote+ UZtane = constant = A’, say. (24) 
Hence U, and U, can be expressed in the form 
U, = Acos¢ tante (25) 
and U, = Asin¢ cotte. (26) 


We have restricted the discussion to the case in which no particles are trapped, 
so that all the particles in a given stream move in the same direction at all times. 
The dimensionless variables U, = u,/u, are therefore always positive, and it 
follows from relations (25) and (26) that 0 < ¢ < 41, if A is positive. With the 
aid of (25) and (26), equations (19) and (20) both reduce to 


— A*sin $08 5% = é. (27) 
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With the substitution dX = xsin¢cos ddr (28) 
; ; A*d¢d ; 
this equation becomes a (29) 


With the aid of (25), (26) and (28), equation (23) becomes 
dé k 
i be 4 
dr = 4 Sine cos e(sin ¢ cot? € — cos ¢ tan? €) 
a 5 (sin € cose)? sin (¢ —e). (30) 
From (29) and (30) it follows that 
- d*¢ 





ee 31 
(sin € cos €)! dT” ey m) 
Let ie ee, (32) 
(sin € cos €)# 

then wi +sin(¢—e) = 0 33 
ar? a (33) 

This equation has the first integral 
= = [2{cos (fd —€) — cos a}]}, (34) 


where « is an arbitrary angle. Values of ¢ therefore lie in the range (e—a,é€+«). 
Since cos ¢ must not change sign, the range of permissible values of « is limited by 
oem eee a< hn-e. (35) 
But our variables were chosen so that 47 < € < 4m, and so 

a< jn. (36) 


The condition that sing shall not change sign is given by e—« > 0, and this 
always holds, since € exceeds and a is less than jz. 

Now d¢@/dr vanishes at ¢ = e—a and ¢ = €+«. The expression on the right- 
hand side of (34) can be positive or negative; it follows that ¢ is periodic in 7, and 
therefore also in X. In dimensionless units the wavelength of the oscillation 
described by these equations becomes 


o=e+a p=e+a : 
Amal aX = 2x | sin ¢ cos ddr 


=€—a =€—a 


= 2A2(sin €cose)-t | ~ ie 
e-a [2{cos (6 —€) — cos a}]# 


sin 2(y+e)dy 


= 2143 sin-t 2e 
a {2(cos yy — cos a)}4 





a 9,/, / 
— 2 Asin? 2¢ [ — 


Jo (cos ¥— cos ae 
= 2h A} sini 2e I,(a). (37) 
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In (37), and from now on, we define 

/2 
I(a) = =f. __cosrp dy : (38) 
(cosy — cosa)? 


A subsidiary condition to be satisfied is that the space average of S, shall vanish 


and therefore d=eta l 
: | (1 -7) dX =0. (39) 
p=e-a U, 
This is equivalent to 
o=e+a g=e+a q) 
Awe ax = 2] =< 
=e—a g=e—-@ U; 
ots 7 sin ¢ cos ddd 





= 2A}(sinecose)-+ | =~ 
(sin € cos €) --a Acos¢ tant €[2{eos (f —€) — cosa]! 


= 224}(sin e cose)! i a oe 


= 237A} sint 2e L,(a). (40) 

Comparison of (37) and (40) now shows that the expression for A in terms of a is 

A = 2ksin-4 2¢ I,(«)/I,(a). (41) 

Equation (37) then gives A= 213 (x)/T3(a). (42) 

The total variation of electrostatic —- in the wave is, in dimensionless 
units, d=e+a 

ar =| [7 (43) 


and by equation (29) 


p=e+a o=e+a dX 
5 = 2 —- 
| 6dX af dp 


=€-a =e—a 


= - 4 | ~ sing cos ddd, (44) 
by virtue of relation (28). Hence _ 
AV = }4A*%{cos 2(€ — a) — cos 2(€ + «)} 
T}(«) |. 
= 4A*sin 2esin 2¢ = F(a) sin 2a, (45) 
with the aid of (41). 
Equations (42) and (45) express, in terms of the parameter «, the relation 
between the wavelength A and the maximum variation AY of the potential. 
Another quantity of interest is the space average (U,)sp of the particle velocities 
in the rth stream. This will be needed in later discussions of the stability of 
different kinds of plasma waves. For the particles in the first stream we have, in 


dimensionless units, that 
9 p=eta ” 
(Usp = A 7 U,dX 
_2 a A cos tant ¢ K sin cos = 
AJe-2  [2{cos(¢—e€)—cos ox} 
_a A’ sint | sind cos*pdp _ (46) 


“Acoste J.-2 {cos (¢—e)—cosa}t 
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With the usual substitution ¢ = +e, with formulae (41) and (42) for A and A, 
and after some reductions, one finds that (46) becomes 


I ; 
sy = ik ats — - {I,(«) sin € + I,(cc) sin 3e} 
= ate 3(%) + 2{L,(x) — I(x)} sec? €); (47) 
similarly (U,)sp = ie [15(a) + £{1,(~) — I(x)} cosec” e]. (48) 
2 


3. Discussion of formulae and some numerical results 


Wefirst consider the results predicted in the limit AV’ — 0. This has two possible 
physical meanings, for it follows from formulae (14) and (16) that, in terms of the 


physical variables, Vintec 


ene a Le 4 
a 47n, Z,e sa 
Therefore the limit may imply that AV > 0, so that the variation of the physical 
potential is small, and the properties of the wave can be discussed by means of the 
linearized equations. Alternatively the limit may imply that cose > 0, so that 
tan € — 00, and by relation (17), that 


fz |Z,| [a > 0. (50) 


(The possibility that sine tends to zero is excluded, because € must exceed 47.) 
The physical meaning of (50) is that the particles in the second stream either have 
a large mass m///,, or a small specific charge Z,e, or a high mean velocity u, relative 
to the wave pattern. In any of these cases their motion is only slightly disturbed 
by the electrostatic field of the plasma wave; the second stream therefore essen- 
tially acts as a neutralizing background charge to an oscillation, possibly one of 
finite amplitude, which is taking place in the first stream. 
It is readily shown that AVY and « tend to zero together, since, for small a, 


22 
= ae sr yh = 1, (51) 


for all values of r, and it follows from (45) that then 


AV = sin 2a = 2a. (52) 
Relations (42) and (51) show that, in this limit 
A = 2n. (53) 


The wavelength of such oscillations, ie in physical units, is 


= 4 
A= = . (54) 
with k given by (13). Our resuit therefore agrees with that of linearized theory in 
the case AV -> 0. Our prediction, in the case /1.|Z.|/u > 0, is the same as in (54), 
with k now given by Anni, e?u,Z2 


k2 = (55) 





-_ --_ oy, Ar 


le 
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Here the wavelength of the oscillation is independent of the amplitude, given 
the nature and density of the particles in the first stream, and their mean speed 
relative to the wave pattern. This prediction agrees with the results found by 
Polovin (1956) in his note on exact non-linear plasma oscillations of a single stream 
of particles—Polovin actually shows that, viewed from a frame of reference in 
which the plasma has no. mean velocity, the frequency of the oscillation is inde- 
pendent of its amplitude. Now in dimensionless units this frequency is 277/A; our 
result is therefore equivalent to Polovin’s. 
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FicurE 1. A plot of AY against A/2z. 


In a general case, with given values for y,, Z,, 7, and u,, the wavelength is an 
increasing function of «, and therefore of the potential variation AV. The relation 
between A/27 and AY is readily found from equations (42) and (45); the functions 
I,(a) and I,(«) are expressible in terms of complete elliptic integrals of the first 
and second kind (see §290, Byrd & Friedman 1954). In the present case, with 
a restricted to the range (0, 47), the J, functions may also be expressed, to better 
than one per cent accuracy, in terms of elementary functions, and this is done in 
the appendix. 

The table below gives some representative values of A/27 in terms of AY’, and 
figure 1 shows graphically how the two quantities are related. It will be seen 
that, for values of AY larger than about 0-7, the dispersion relation is very well 
approximated by A 

a 1+0-0654(AY — 0-400). (56) 

For smaller values of AY’, and therefore of ~, one can see, from the formulae in 

the appendix, that 
L(a) = 1-3a?/16 and J,(~) = 1—15a?/16, (57) 
A 3a? 


oman. the peta 5 
so that 8 1+ 16° (58) 





364 F. D. Kahn 


AV = Fes sin 2a = -( +) (2. — 7) : 


In this range 





dl {it és | ; (59) 


and so a= — Da 


It follows from (58) and (59) that the approximate dispersion relation for small 


AY, is 2 
A. 14 AY? 1 | 


La : 60 
27° 64 ey ey 





A table of selected values of the dimensionless wavelength A/2m in terms of the dimen- 
sionless potential variation AV’. The maximum possible value of AV in a double 
stream is 3-284 if there are to be no trapped particles. 


Ay 0-694 1-089 1-498 1-983 2-589 3°284 
A/27 1-020 1-043 1-073 1-104 1-144 1-188 


Appendix: Elementary expressions for /,(«) 
Formulae for I(x), correct to better than 1 % in the range 0 < a < jz, can be 
worked out as follows. 


12 (2 y 
We have =| cos ry dy _ (61) 


Ela) = - : 
fa)=or 0 (cos yf — cos a) 


For integral values of r, cos ry can be expressed as a polynomial in terms of cos y, 
say cosry = F.(cosy). Let 
cosy = 1—2sin? da sin?9, (62) 
then 6 = 0 when y = 0, and 6 = 3m when wy = a. Further 
cos yf — cosa = 2sin® da cos? 0, (63) 
siny = 2sin Jasin 0(1 —sin? Je sin? 6)}, (64) 


2 sin 3% cos 0d 


— —s (1—sin2 da sin? 0)! - 
Thus bien 2 ad ” F.(1 — 2 sin? $a sin? 4) (66) 
™Jo (1—sin? lo sin2 63 
In the present application a < 47, and therefore 
sin? }asin?6 < }(2—./2) = 0-147, 
for all possible 6. In writing 
(1—sin? 4a sin?0)-} + 1+4sin? jo sin?0 (67) 
we thus make an error smaller than 
gsint ta < 0-0081. (68) 


Thus the integrand in (66) can be well approximated by a polynomial in sin? 6; 
when this is done, the integration is straightforward. 
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After some reductions the following expressions are found for J,(«), [,(«), J,(a) 
and I,(a): 


Ih(a) = (9—cos «)/8, (69) 
I,(a) = (17+ 18 cos a—3 cos? a)/32, (70) 
I,(a) = (—11+21 cos a + 27 cos? a — 5 cos* «)/32, (71) 
I,(a) = (— 39-116 cos a+ 138 cos? « + 180 cos a — 35cos*a)/128. (72) 
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Spectral flatness factor and ‘intermittency’ in 
turbulence and in non-linear noise 


By D. A. KENNEDY anpb S. CORRSIN 


Mechanics Department, The Johns Hopkins University 
(15 November 1960) 


The flatness factor F of the signal transmitted through a band-pass filter has been 
measured for the turbulence in a free shear layer and for a squared Gaussian 
noise. They both show flatness factor increasing with centre frequency f,. In the 
turbulence, band-passed signals look intermittent and have larger F than the 
full signal, but in the squared noise, band-passed signals all have smaller F than 
the full signal although they look more intermittent. 

It is shown analytically that the derivative of a smoothed, squared Gaussian 
noise may have flatness factor either greater or less than the undifferentiated 
signal. 





Batchelor & Townsend (1949) and Sandborn (1959) have shown experimentally 
that the fine structure of turbulence in grid flow, wakes and boundary layers 
tends to be intermittent (see also Batchelor 1949). The former experiments used 
essentially high-pass filters (the effect of successive differentiations). The latter 
used band-pass filters. A possible measure of intermittency in an intermittent 
variable b is the amount by which the flatness factor 

P= (8)? (1) 
(also called kurtosis) exceeds the value 3-0 that is appropriate to a variable with 
Gaussian (or ‘normal’) probability density. Of course, this measure is useful 
only if the ‘on’ part of the intermittent variable is roughly Gaussian. 

For the turbulence, qualitative explanation in terms of strong localization of 
vorticity into sheets and/or lines has been offered convincingly by Batchelor & 
Townsend. This vortex stretching is a result of the non-linear, convective accelera- 
tion term in the Navier-Stokes equations, so it seemed relevant to see whether 
other (simpler) non-linear random systems show similar spectral kurtosis pro- 
perties. No analogy is implied between the squared Gaussian noise and turbulence. 


Turbulent shear layer 


A constant current hot-wire anemometer circuit was used. The hot-wire sensing 
element was mounted 12 in. downstream of the exit of an 18 in. square duct, on 
the extrapolation line of the wall (figure 1). The inside duct boundary layer was 
turbulent and about }in. thick. The free-stream velocity was 25 ft./sec; the mean 
velocity at the wire was about half of that. No general intermittency at the wire 
was detectable on an oscilloscope. The flatness factor of the full turbulence signal 
(component along the flow) was 3-0. 
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Figure 2 is a block diagram of the measuring devices. The variable band-pass 
filter had a half-power point band width equal to half the centre frequency: 
Af|f, + 0:5. Sandborn shows typical oscillograms of the full turbulence signal 
and a filtered turbulence signal which shows some intermittency. 

The flatness factors measured for a range of f, is included in figure 4. These 
results are in qualitative agreement with those of Sandborn; the band-passed 
signal has flatness factor above 3-0 for all f,, and increases toward larger f,. 
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FIGURE 2. Block diagram of the measuring devices. 


Gaussian noise 


An electronic noise generator (H. H. Scott, type 811-A, ASA Band) was used as 
source of random signal with Gaussian probability density function. This was 
put in place of the hot-wire and its amplifier in the circuit of figure 2. As indicated 
in figure 4, this had a band-passed flatness factor close to 3-0. Neither of the 
corresponding oscillograms in figure 3, plate 1, looks particularly intermittent. 


Squared Gaussian noise 


As a typical simple non-linear process we chose an instantaneous squaring device. 
With Gaussian input, the output is a non-Gaussian random signal. The output of 
the noise generator was passed through an approximate squaring circuit and the 
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d.c. component was removed with a high-pass filter (figure 5), cutting off below 
10¢/s. 

The total signal does not look especially intermittent (figure 3), although its 
flatness factor is 9-1.* In contrast, the band-passed signals do have a more inter- 
mittent appearance (figure 3), but coupled with appreciably smaller flatness 
factors (figure 4). 


10 os 


9-1 Total signal, 
non-Gaussian noise 


oO 


4-F Total signal, 


| Gaussian noise 





and turbulence ) 


5 10 5 
fc x 10? (c/s) 
FicurE 4. Flatness factors. ©, Free jet turbulence; 0, non-Gaussian noise; 
V, Gaussian noise; Af/f, = 0-5 for all cases. 
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FicureE 5. Block diagram showing use of high-pass filter. 


* The theoretical value for a squared Gaussian with d.c. removed is 15. The value 9 
corresponds theoretically to the power 1-7. 
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FIGURE 3. Oscillograms of ‘noise’. 
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These results differ from the turbulence case in the two following ways. 

(1) The band-passed signals here have smaller F than the total signal; for 
turbulence this is reversed. 

(2) Here the signal with larger flatness factor (i.e. the total signal) is less inter- 
mittent in appearance; for turbulence this is reversed. 

A point of similarity with the turbulence signal is that F increases with increasing 
f, in both. 

It seems desirable to pursue this sort of measurement through other classes of 
non-linear operations, especially non-linear differential equations with random 
forcing functions. It may turn out that the response will have flatness factor 
near 3 (as in some turbulent velocities) simply because it is in a sense a sum. This 
brings into play the effects that give us Central Limit Theorems in probability 
theory. In such a case we might then expect departure from Gaussian properties 
in the derivatives of the solution, hence in the higher frequencies. There seems 
to be as yet no corresponding qualitative argument to rationalize the fact that 
narrow-band signals in the lower frequency range (of turbulence) also have flatness 
factor larger than the full signal. 

Finally, all such measurements should be made with a range of relative band 
widths extending to much smaller values than used so far. 


A related exercise 


Suppose 6(x) is a stationary ‘Gaussian process’ in the sense that the values 
chosen at different points (1 < n = 00) are jointly Gaussian. As we have seen, 
[6?() — 67] is a non-Gaussian random variable. 

There is both experimental (Iribe 1949) and theoretical (Kac & Siegert 1947) 
evidence that the averaging (‘smoothing’) of a non-Gaussian variable tends to 
make it more nearly Gaussian. As indicated above, this is doubtless related to the 
conditions for Central Limit Theorems to be applicable. 

Define the smoothed non-Gaussian variable 


r+eé p= 
Rx) = 2 | [62(a,) — 67] day. (2) 
For & + 0, it is obvious that 7, 


lim [R,(x)] = 0°(x) — 6. (3) 


=—>0 


For £ > 00, we expect R,(x) to approach a Gaussian process (Kac & Siegert 1947). 
Focusing attention on the flatness factor, F, = R?/(R2)?, we see that 
=—>0 


whereas we expect lim F, = 3. (5) 


i> 
The statistical properties of R,(x) are functionals of the properties of 6°(x), so 
general results are difficult to obtain. However, one particular function of R,(z) 
is not only relevant here but also accessible: 


d pin =! 


Rix) = 7, Ryle) = z[0%(a+ £) —X(2)]. (6) 
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With the condition that 6(x) is Gaussian, computation yields 
a4 
F, =  -_ 9, (7) 
(Re?) 

independent of ¢. This shows that for small enough é, the differentiated variable 
R(x) has smaller F than the undifferentiated one R,(x), whereas for large £ it has 
larger F. The former situation corresponds to the measurements on squared 
Gaussian noise with no smoothing (£ = 0). The latter result is qualitatively like 
that observed for turbulent velocity. We recall that differentiation is like a high- 
pass filter. 


This work was supported by the National Science Foundation under Grant 
G-4542. 
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Orifice flow at high Knudsen numbers 


By RODDAM NARASIMHA 


Guggenheim Aeronautical Laboratory, California Institute of Technology, 
Pasadena, California 


(Received 28 November 1960) 


Several interesting features of the flow field in free-molecule flow through an 
orifice are discussed. An estimate is then made of the deviation of the mass flow 
m through the orifice from its limiting free-molecule value m° for small depar- 
tures from the limit. Using an iteration method proposed by Willis, it is shown 
that this deviation ig of the first order in e, the inverse Knudsen number, defined 
as the ratio of the radius of the hole to the mean free path in the gas at upstream 
infinity. An estimate of the coefficient is obtained making some reasonable as- 
sumptions about the three-dimensional nature of the flow, and the value so 
derived, giving m = m°(1+0-25e), shows fair agreement with the measurements 
of Liepmann. It appears that ‘nearly’ free-molecular conditions prevail up to 
e~ 1-0. 





1. Introduction 


The flow through an orifice has been investigated recently by Liepmann 
(1961) in considerable detail, especially with a view to understanding the difficult 
problem of the transition from gasdynamic to gaskinetic flow. As pointed out 
by him, the finite geometry, the relative independence from surface interaction 
effects and the already available knowledge (however partial !) of the flow in the 
limiting cases of zero and infinite Reynolds number make the circular orifice 
a highly worthwhile configuration for study. Liepmann’s measurements were 
made through a range of Knudsen numbers which effectively covered the ‘com- 
pressible’ transition from continuum to free-molecule flow, with the pressure 
ratios across the orifice infinity for all practical purposes. 

The purpose here is to investigate theoretically the flow under nearly free- 
molecular conditions. In terms of an inverse Knudsen number e, defined as the 
ratio of the radius R of the orifice to the mean free path A, in the gas far upstream, 
this means that we are interested in flows at small ¢. The free-molecule or gas- 
kinetic limit corresponds to ¢ + 0, and the mass flow rate m (per unit area) in 
this limit is well known from kinetic theory (Present 1958) to be 


m° = tpyC,, (1.1) 
where p, is the density and ¢, the mean molecular speed at upstream infinity. 
In the following, attention will primarily be confined to the mass flow rate m 
at non-zero ¢, as this is the quantity on which measurements are available, 
though all other flow quantities can also be calculated from the results. 

Before proceeding further it seems worthwhile to discuss some features of 
the free-molecule flow itself, and this is done in §2. 
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2. The free molecule limit 

There is of course a definite flow field associated with even the free-molecule 
limit, and the field of any mean quantity, like density, pressure, etc., can be 
obtained by taking the appropriate moment of the molecular distribution func- 
tion. Thus, if f°(v) denotes the distribution (the superscript 0 will always refer to 
free-molecule conditions), the corresponding density, ‘gas’ velocity, temperature 
and pressure, for instance, are given respectively by 


P= mn =m [rw Dv, 


vu? = “4 vf°(v) Dv, 


1 1 2 
T= sa = aap | TIDY, 


p=- m | esf) Dv, 





where m is the mass of a molecule, v its velocity and c = v —u the ‘peculiar’ 
velocity; Z is the gas constant and Dv is an element of volume in v-space. 

The function f° is obtained from the consideration that in the free-molecule 
limit there are no inter-molecular collisions. As the pressure ratio across the 
orifice p,/p. tends to infinity, there will thus be no molecules travelling upstream 
across the orifice at all, and the distribution function at a point like P(x) (see 
figure 1) will be Maxwellian everywhere in velocity space except in the ‘vacant 
cone’ C, which is the backward cone subtended by the orifice at P. The Maxwel- 
lian part corresponds of course to conditions at upstream infinity; thus (with 
subscript 1 denoting these conditions) we have 


f(v)=0 in C 


= n, (2) ear everywhere else. (2.2) 
The function f° is similar downstream of the orifice too, except that now C is the 
major part of velocity space, and the backward cone is a ‘full’ Maxwellian. All 
across the orifice the cone becomes a half-space, and hence f° and all the mean 
quantities are constant. 
The number density is relatively easy to calculate, being given (in non- 
dimensional form) by 
0 od | 5 rer 1-Q 
N(x) = = -{ (=) eA” (427 — Q) v? dv = — (x) (2.3) 
ny o 7 
where (x), the solid angle subtended by the orifice at x, is 
Qn R R’ dR’ 
ot ee) ee she 
0 o (y2+22—2ycos PR’ + R)3 


writing » for the cylindrical radius at x. 
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The evaluation of this integral is fairly straightforward but somewhat tedious, 
and leads to the expression 


— = }{A9(%, &,) — cos a, sin x, Fy(a,)}, (2.5) 


where Ay is Heuman’s lambda function and 47F,(a,) is the complete elliptic inte- 
gral of the first kind, K (sina,). Heuman (1941) has discussed the properties of 


Pr» Pris r, 





Infinite sheet 








P2<Pi 





Figure 1. Diagram explaining notation. 


the function A», and has also tabulated both A, and F,. The arguments a,, a, 
are given, in terms of polar co-ordinates (7,7) from the centre of the orifice, by 


4rsin 0 ) rcos@ 
, tana, = 


sina, = {- . r sin ( ; 
1 (aise 6+1 rsinf—1 


(Distances have all been non-dimensionalized by dividing by R.) A relation 
corresponding to (2.5) has been derived by Sadowsky & Sternberg (1950) for 
the stream function of a source ring. 

The density field calculated from (2.4) and (2.5) has been plotted in figure 2 
for the region upstream of the orifice. The field downstream is obtained easily 
by making use of the symmetry 


N(r,7—0) = 1-N(r, 9), (2.6) 
which follows from the nature of f° discussed before. In the plane of the orifice 
Q) = 27,so N = 3. On the axis a, = 0 and tana, = —r, and (2.5) reduces to 

Q 


4n 
hence N = N(z) = ae 


if 2x is the included angle at the vertex of C. 








Cy 
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The gas velocity can similarly be expressed as 
vB Bs\* pve 2 § 
U(x) = ./f, u(x) = “wea * = eA” vy Dy. (2.8) 


This integral unfortunately turns out to be too complicated to express ana- 
lytically, and we must at present content ourselves with calculating it along 
6 = 0 and 90°. Along the axis we can show quite easily that 


1 Zz 2 
} = Py a 21 . 2 ¢ 
U(z) U{z) = ie (1 as) — 4a (2.9) 
across the orifice U is constant and equal to — U,(0) = 1/,/7 (or w® = -- u2(0) = 4¢,). 


However, it is not difficult to guess the qualititative behaviour of U for other 
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FIGURE 2. N is antisymmetric about r = 0, N = }. Full lines show exact results and 


dashed lines represent rough estimates. 


values of @, using N as a guide. It is interesting to note that we can immediately 
obtain the free-molecule mass flow from the mean field as 


m® = p%—u2) = (3p) (41) = tP1¢1- 
A little thought shows that U, like NV, is antisymmetric about the orifice and has 


the value U(r, 7-0) = 20-4 - U(r, 0). (2.10) 


Thus, far downstream the gas velocity is finite and tends to ¢,, but the density 
of course drops off to zero. It should be noticed that though the velocity field is 
antisymmetric about the plane z = 0 the stream line pattern will be perfectly 
symmetric as it depends only on the geometry of the cone C. 


oO] 
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The temperature field is obtained from the relation 2T(x) = 4c? = 4(v? —u?). 
But 
=> aa. n,(4 al eA.” y2(47 — Q) v2 dv = (v2), 
AT(x) = AT, — 4u?(x), 


hence 


or an = aay = B= 1-§U%(x). (2.11) 
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Ficure 3. U is antisymmetric about r = 0, U = 7-3. Full lines show exact results 
and dashed lines represent rough estimates 


Thus the temperature is very simply related to the velocity. It drops slightly 
from 7; to {1 — 2/(37)} 7, = 0-78797, at the orifice and then sharply decreases to 
= {1 —8/(37)} 7, = 0-15127, far downstream. Along the axis, we get from (2.9) 


1 


-1 
B= Bz) = 1 — 377) (2 weer = (1—87~'sin* 3a)". (2.12) 


From (2.1) the pressure tensor can be written as 


Pi; = — p (0,0; — u,u,). 


The thermodynamic pressure p = 4p,;; can of course be obtained from the 
equation of state p = p#T; some of the other components can also be easily 
evaluated but the results will not be quoted here. 

The quantities V, B, U and U, (the radial component of U which will turn out 
to be of interest later) are plotted in figures 2 and 3. As an illustration of the kind 
of flow pattern to be expected in free-molecule flow the streamlines have been 
worked out for a slit and are shown in figure 4. The calculations here are exactly 
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the same as for a circular orifice but have the advantage that they lead to closed 
expressions for all quantities; in particular 

N = Nr, 0) = 1-2/7, 

U = U(r, 0) = sina/2,/7(1—a/,/7), 
where 2« = tan~1{2r cos @/(r? — 1)} is again the included angle at P. The tempera- 


ture is still given by (2.11). It can be easily shown that the vector U bisects the 
angle 2a at P, and this suggests an obvious geometric construction for drawing 
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FicureE 4. Streamlines in free-molecule flow through a slit. The pattern is symmetric 
about the plane of the slit and the centre-line. 


the streamlines. As remarked earlier the streamlines are symmetric about the 
plane of the orifice. The effect of the wall in slowing down the flow is quite 
impressive. 

One might make a few remarks here on the general validity of the above picture 
when the flow takes place from one finite reservoir into another. Conditions up- 
stream are obviously not going to be affected too much if the linear size of the 
reservoir is sufficiently large compared to the orifice diameter and the mean free 
path. Downstream of the orifice, however, the presence of a wall tends to bring 
the gas temperature back to 7,, while we saw above that the temperature 7, 
in the case of an infinite reservoir is much less than 7,. Thus heat transfer at the 
walls becomes important, and the mean field will presumably be rather dif- 
ferent from the one discussed here. The point has been discussed by Liepmann 
(1961), and we will return to it briefly later. 


3. The nearly free-molecule flow 

For small departures from the free-molecule limit we can obtain the true dis- 
tribution function f by perturbing f°. This function f is governed by Boltzmann’s 
equation, which for the steady flow of a monatomic gas (the only one we 
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consider here) in the absence of any external forces is (Chapman & Cowling 
1952) 
— ‘ [2074007 graadw -ftv) | ow) gta Dw 


= I f)-fL(p)- | (3.1) 


Here g denotes the relative velocity between two molecules which have initial 
velocities v, w and final velocities v’, w’, and J the differential cross-section for 
scattering into the solid angle dQ. For convenience we denote the integral 
operators by Y and Y, the ‘gain’ and ‘loss’ operators on f. 

To tackle the Boltzmann equation directly seems a rather hopeless task; 
we obtain here an approximate solution f! for small ¢ by an iteration procedure 
suggested by Willis (1958) in which we replace Y(f) and #(f) by Y(f*) and 
L(f°) and write aft(v, x) 

Vv. == 
ox 





G(f)-PL(f), 


or, considering flow upstream of the orifice as shown in figure 1, 


1 
—v EU) , gp) = GP) (3.2) 
This is an ordinary differential equation with v = — vf as a parameter, for each 


value of which we require a solution of (3.2). (Note that r, at this stage, is not 
measured from the centre.) The solution of the equation, using the boundary 
condition that f = f, at r = 0, is 


fi(v, x) = frexp|—[" Sar + | exp | - ("= AP) > rl dr’. (3.3) 


As Y(f)/v is like 1/A, the first term obviously vanishes for any finite 7, leaving 


us with 
pvr =0) = | Pexp {- "= 24 dr’\ dr (3.4) 


) 


It is hoped, of course, that this first iterate gives a good approximation to 
the true perturbation. Incidentally (3.4) has an immediate and obvious physical 
interpretation, and could almost have been written down straightaway; for 
G(f°)/v is the number of molecules which, after collision in unit distance, are 
travelling with velocity v, and the exponential multiplying it is the probability 
of such molecules reaching the orifice (r = 0). 

The simplest molecular model we can use is the one due to Krook (Bhatnagar, 
Gross & Krook 1954, Krook 1959), namely, 


PL f°) = An®, ) 
G( fo) = A(n}? (f°/n)8exp{— Xv —u"y},J 
where n°, u° and /* are all given by (2.1). We choose A here to be a constant equal 


to €,/n,A, so that the number of collisions (per unit volume and unit time) when 
the distribution is completely Maxwellian, namely 3(n,¢,/A,), agrees with the 


(3.5) 
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number given by Krook’s model, which is 4A(n°)?. Making these substitutions in 
(3.4) and introducing vif, =V, elim =e’ 


and other non-dimensional quantities already used in §2, we get 


f'(V.r = 0) = f,22' [“N*Blexp {V?— B(V -U)} exp{—4 “Nr )dr’ \F. 
0 


(3.6) 


In principle this integral can now be evaluated for each velocity vector V at 
each point in the plane of the orifice, for all the quantities in the integrand refer 
to free-molecule flow and can be calculated as in §2. 

However the explicit and analytical calculation of the integral is rather diffi- 
cult. But we can still get a good estimate of the result by making a few simple 
approximations. First we assume that the flow is uniform across the orifice: 
this is strictly true in free-molecule flow, and should be a good approximation in 
nearly free-molecule flow too. This means that we evaluate the integral at the 
centre of the orifice, and assume it is the same all across it. 

We also notice, from figures 2 and 3 and from the discussion in §1, that the 
values V, B and U—but not of U,, which appears in (V — U)? in (3.6)—at r = 0 
and oo are independent of 0, though their variation in between is a function of 
@. It is obvious, therefore, that the integral in (3-6) is similar for all rays, though 
its actual numerical value will vary somewhat. We shall in fact make use of this 
feature in what follows. 

It is convenient for purposes of analysis to rewrite (3.6) as 


V 


pet ee [a (r) gar, V) H(r, Ve), (3.7) 
where g,(r) = N2Bie-BU?, 
go(r, V) = exp{—2BU, V +(1—B) V} | 
= exp {h,(r) V +h,(r) V3, (3.8) 


H(r, V;e’) = exp|{ - 7.2 Nir'yar'| = = exp{-5 nin). | 


It is particularly instructive to work out the integral in (3.7) along the axis, 
@ = 0, where N, B, U and U, (= — U) are all analytically known from (2.7), (2.9) 
and (2.12); also 
h(z) = ! 2N(z)dz = z+,/(224+1)-1. (3.9) 
0 
We have therefore 
f'(—VZ,z = 0) =f, 26’ [a (z)g.(z, V) H(z, Ve = (3.10) 


We want the lowest order term in ¢’ from this expression. Now it is shown in 
Appendix IT that the integral for the mass flow (or, for that matter, any moment 
of f!) can be split in a way which corresponds exactly to splitting the distribution 


function in (3.10) as follows: 
f'(—Vz,z = 0) = 12 | (ne) + ay. (3.11) 
0 


= Jt CO 


1s in 
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The error committed in this splitting is o(e’); the lowest order term in e’ turns 
out to be O(e’) and (3.11) reduces, correct to O(e’), to 


f'(-— V2,z = 0) =fll+> [+f (o192—)ae|| (3.1la@) 


using the integral evaluated in Appendix I. We expand g, as a series in JV, 
obtaining 


gy = 1+ Vhy + V2(h3/2! + hy) + V3(3/3! +h, hy) + V4(h8/4! + A2hg/2 + A3/2) + 
92" 
Thus we can write f'(- V2) = fil + 7 Pol v)|, (3.12) 


where 0 (V) = 5 A, 


n=0 


wD f° 0) wx 
Ay = 1+] (g,-—1)dz, A, -{ g,h,dz, Ay -{ (9, A3/2! + 9h.) dz, .... 
0 0 0 
(3.13) 
From arguments given previously we expect the distribution function to look 
similar on other rays, so we May assume 


f(V,r = 0) =f! +3 av)}. (3.14) 


Looking at (3.6), (3.7) and (3.8) again, and surmising the variation of the inte- 
grand with @ from figures 2 and 3, we see (as remarked earlier) that V, B and U 
vary between the same limits at r = 0 and r = oo for all @, and so the effect on 


the integral of their being functions of 6 must be small. (For instance 
wD 
i} {1— N(r)}drisexactly the same for 0 = 0and @ = 00°.) The predominant effect 


0 
of the dependence on @ of the integral appears through U,, which varies quite 
widely with @. Near the origin we obviously have U, = U,(z = r) cos@ as |U,| ~ U. 
For r > 1 it can be easily shown from (2.8) that 


y 
-U,~U 2 a. 
(7 47 
but Q ~ 7 cos 6/r?, soagain U, ~ U,(z = r) cos 6. Thus, it isa very good approxima- 
tion to take U,(r,0) ~ U,(z = r) cos. (3.15) 


Next we notice that A, accounts for a relatively small contribution to the final 
answer in comparison with h, (h, varies from about — 0-27 to zero as r goes from 
0 to co, and appears only in V? and higher order terms); hence it appears that, 
approximately, the coefficients of V" in (3.13) are multiplied by corresponding 
powers of cos@ on other rays. We can therefore take 


2(V) =~ o(V cos 8), (3.16) 


which also amounts to putting g,(7, V) = g,(z, V cos@). Using this in (3.14) we 
get the final result 


2¢ - a 
fUV,r = 0) =f, pe E A, Ve cos". (3.17) 
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Results 


The coefficients A,, have been calculated numerically for n = 0 to 5, and have the 
following values: 


A, = —0-3944, A, = +0-7549, A, = — _ 
A, = +0-0502, A, = —0-0045, A; = —0-0013. sila 

The mass flow through the orifice is easily obtained as 
m = m | (=v) fv) Dv. (3.19) 


Substituting from (3.17) we get 


m 


oo fhn 
(m/f?) V cos 0 + 2e’ cos0 XA, V" cos” 0} 27 V2 sin OdOdV 
1 ‘ . 1 


es A n+1 
1 ; mA = n e ae 
$pyCy [ + 4e€ uo (3 
Using the values of A,, given by (3.18) we getT 
m = }p,¢,(1+0-25e). (3.21) 


ll 


|. (3.20) 


The coefficient 0-25 obtained here is somewhat less than the value 0-26 given in 
a preliminary report (Narasimha 1960) where the calculations were based on an 
assumption slightly different from the one used here in (3.16), namely 


@(V) = 4(V)/V = ,(V cos), (3.22) 
and h, was ignored. The approximation (3.16) is somewhat more consistent, but 
apparently the result obtained is not significantly different. No claim of great 
accuracy is made for the coefficient; nor indeed would it be justified, considering 
the approximate nature of the calculations. 


Correction for backflow 

The backflow through the orifice is nil under free molecule conditions, but one 
may in general expect some backfiow when e¢ is finite, even though the pressure 
ratio p,/pz is still infinite. Using exactly the same procedure as before, one can 
write down the distribution function for molecules travelling upstream as 

vA ; dz 

p22 = 0) = 7,2 | V 
0 

where g,,9, and H are still given by (3.8), but of course one now has to use the 
downstream field of NV, B and U, obtained as shown in §2. Both h, and h, are then 
negative, and h(z) > 1 as z> — oo. By repeating the analysis made for the up- 
stream integral one concludes that the highest order term in f1(VZ,z = 0) is 
O(e’), and given by 

Pu W2,2 = 0) = f,2' | 


0 


“Gi(2) 9o(2, V) H(z, V;e’) 


ied dz 
91(2) Jo(z, Va . 


{+ I have to thank Dr Willis for pointing out a numerical mistake at this point in an 
earlier draft. 
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The approximation (3.16) for the radial component U, is now rather crude, but 
conservative in the sense that it overestimates the backflow. The correction to 
the coefficient (3.21) can again be pressed as 


where 


, —2 —* —00 g h2 
6 “. 


0 0 


The coefficients alternate in sign, and using the Euler—Maclaurin technique one 
arrives at an upper bound of — 0-03 for a’, i.e. the coefficient in (3.21) would be 
reduced at most to 0-22 by backflow. 
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Re = 2Rp,(AT,)3 
FicurE 5. Comparison of theory with experimental data. Liepmann’s measurements: 
@, argon; O, helium; (, nitrogen. —, values calculated with w, = $p,¢,A,. 


Comparison with experiment 
Figure 5 shows the experimental data of Liepmann, and also the result (3.21), 
which has been plotted assuming that the viscosity ~, = $,¢,A,. The backflow 
correction has not been included first because it is small and would not make 
much difference; secondly, because its exact value is rather uncertain in the case 
of flow into a finite reservoir, where the flow field is affected somewhat by the 
presence of walls as discussed in § 2. 

Figure 5 shows reasonable agreement between theory and experiment (notice 
that a small backflow correction would make the agreement even better), 
and it seems safe to conclude that: (i) the prediction of the theory that the depar- 
ture from free-molecule flow is linear in € with a coefficient of the order of 0-25 
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is borne out by the experiments; and (ii) ‘nearly’ free-molecule conditions prevail 
up toe ~ 1-0. 


This work has been supported by the Office of Naval Research, contract 
no. N-onr 220-21 Task 21. I am grateful to Dr H. W. Liepmann and Dr J. D. 
Cole for discussing the problem with me and for their enthusiastic encourage- 
ment. I also want to thank Mrs Dorothy Diamond for making most of the 
computations. 


Appendix I 


We evaluate here an integral which we will need, namely: 


x(a) = a | “exp —alz+,/( 1)}}dz = (" exp{ —[€+./(¢? + a?)]} dé. 
C 0 


) 


This transforms, using § = €+,/(a7+€?), d€/d& = (€? + a?)/2E?, to 


Integrating successively by a we can reduce this to 
x(a) = 4{(1 +a) e-* —a?Ei(a)}, 
where Ei(a) is the ws integral, with the following expansion for small a 


9R)- 
Cpeeee, SHEN: Ei(a) = —0-5772...—Ina+@+ .... 


Thus y for small a is 
x(a) = + O(a? In a) = x(0) + 0o(a). (A-1) 


Appendix II 
From the discussion which led to (3.16) it was concluded that 
gor, V) = g,(z, V cos), 


and that a good approximation to the distribution function is 


PN ,¢ = 0) = f2e' | 91(z) go(z, V cos @) H(z, vse). (A-2) 


Hence the mass flow, expressed as an integral, is (from 3.19) 
3 
m= 2e'(F4) (4) [[[er neat. V cos @) H(z, V;e’) 27V? cos @ sin 0 d6dzdV 
1 


oc fo Pin 
= 2pinre’ | [ V2e-¥* 9,(z) go(z, V cos 0) H(z, V;e’) cos 0 sin 0d0dzdV. 
0/0 


0 
(A-3) 
Consider first the integrations with respect to z and V. Putting 


91(z) go(z, V cos @) = G(z, V cos), 


we write 


He) =e || Ve ge 1) HazdV +e' | V2e-"* HdzdV = J,(e')+d,(e’), (A-4) 
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the reason for the splitting being that (G — 1) is integrable in z. We want to extract 
from J(e’) the lowest order terms in e’. 
First writing H = exp{—(e’/V) h(z)}, where h(z) = z+.,/(22+1)—1, >0 for all 


Z> 0, 
d(e’) é’ 
J,(e’) = € ‘| I, V2e? (G— 1)exp| - (; )me)} dzdV 
V=0 


ref fo V2e"? (G4 (@—1)exp| - (7): ua)|dedV. 


Replacing (G — 1) by an upper bound and using (A-1), we see that the first term 
on the right is of order e’(é4/e’). In the second term the coefficient in front of 
h(z) is e’/V < e’/d. So if we can choose d(e’) such that d4/e’ > 0 and e’/d > 0 as 
¢é’ + 0, which is true whenever 6 = e’", }< m < 1, we can write 


Hie’) =e' || V2e-¥? (G—1)dzdV +0(e’). 
Similarly 


Je’) =| I V2e-¥ ‘exp | - ((; ) i(z)) dedV 
V=0 
+{" [° V2eVi eV exp|-(5) [z+./(27+ 1)}} dear | 
s Jo 
= 0(=) +e'[ veer(1 A “a 

€ 8 V 
x | exp|- (7) [z+ 4/( +0) (F ) VdV. 

0 

Using the result (A-1) again 


Hye) = 00+ [* rer(i4%..) fpr0(Aing) ar 


It is clear that we can choose 6 such that both 64 and e’2/d? are o(e’) by taking 
d=e'™1<m< }. Thus 
J,(e’) = $+ 4./7€’ + o(e’). 


Putting these results in (A-3) 


hn oO P00 
m = 29,0, ll {1+ },/7€’ +e’ i} V2eV*4(G—- 1)dza| cos 6 sin ods] 
0 Jo : 


0 
co foo Pha 
= torts] +e[b+ dye | im V%e-1"(G—1)c0s8sino dodeaV}|], (A-5) 
0 Jo Jo 


which, after expanding g, = exp(h, V +h. V?) as before, leads to exactly the same 
result as (3.20), thus justifying the slitiion of the integral used in (3.11) and 
(3.11a). 

A similar analysis will show that (3.11) and (3.11a) give correct results for all 
higher moments also. 
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Interaction between gravity waves and a shear flow 


By B. A. HUGHES* Anpb R. W. STEWART 
Institute of Oceanography and Department of Physics, University of 
British Columbia, Vancouver 8, B.C. 


(Received 17 September 1960) 


A series of experiments has been undertaken in which three major properties of 
a surface tension-gravity wave system have been examined. The results of these 
experiments have been compared with existing theories. The three properties are: 
(i) viscous decay in the absence of mean flow, the relevant theory being given in 
Lamb (1932, $348); (ii) propagation velocities in the presence and absence of flow 
(Lamb 1932, § 267), and (iii) the change of wave energy on crossing a stable 
Couette shear flow. The measurements in the last case were compared with two 
theories, one obtained from the Navier-Stokes equations including terms up to 
second order in wave slope, the other, following previous authors, obtained on 
the assumption that any direct interaction of the waves with the shear flow is 
negligible. According to the theory obtained from the Navier-Stokes equations, 
the divergence of surface wave energy is equal to the rate of change of wave 
energy due to the interaction between the mean flow and the wave system plus the 
rate of change of wave energy due to viscous decay. 

An optical system was used to measure the maximum wave slopes, the wave- 
numbers and the shear velocities. 

Results indicate that an anomalous region of wave properties exists for wave- 
numbers near 2-7 cm~!. For a set of data in which the wave-numbers were always 
less than 1-8 cm—', it was found that the viscous decay rate and the propagation 
laws agree with theory to within the experimental error, and the interaction 
measurements fit the theory with the non-linear term included rather than the 
traditional theories. 





1. Introduction 

The work discussed herein is an experimental investigation of three major 
properties of deep water surface waves in the régime where both surface tension 
and gravity are important. These properties are: viscous dissipation in the 
absence of any mean flow, propagation laws in the presence and absence of mean 
flow, and the non-linear interaction of waves with a horizontal mean shear. The 
first two of these are treated theoretically in Lamb (1932). The last has been 
investigated theoretically by Longuet-Higgins & Stewart (1961), and in a special 
case by Drent (1959). 

The analysis given by Drent is for the case of plane, long crested waves and a 
rectilinear shear flow in the absence of surface tension and viscosity. The results 
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indicate that there are two major causes of amplitude change as the waves traverse 
the flow: one is due to the refraction of the waves, causing a spreading or con- 
centration of energy; the other is due to the radiation pressure, associated with 
the waves, interacting directly with the shear flow. For waves running directly 
into a converging flow, these two effects are about equal; for waves crossing a 
lateral shear at an angle, the former appears to be two to three times larger than 
the latter. Previous discussions have consistently neglected the direct interaction 
effects (for example, Johnson 1947), which are of the same nature as those treated 
recently by Longuet-Higgins & Stewart (1960, 1961). 

This paper describes a laboratory experiment designed to measure the three 
properties listed above and a comparison of the results with the respective 
theoretical predictions. The wave-energy measurements in the presence of mean 
flow are compared with two theoretical models—one including the interaction 
effects, and the other omitting the interaction effects. 


2. Experimental methods 
Flow production 


All experiments were carried out in a tank specially constructed to produce the 
required shear flow. : 

A stable, cylindrical Couette flow was created between the outer wall of a 
circular tank slightly greater than 2-5 m in diameter and an inner wall imposed by 
a raised centre portion 1-52m in diameter (figure 1). A hollow annular ring, 
2-44 m in diameter, floating freely, was concentric with and about 2-5 cm radially 
inside the outer wall of the circular tank (figure 1). A series of six drive jets 
situated in the outer wall of the tank were connected by rubber hoses to the water 
mains (figure 1). These jets were oriented so that water passing through them 
impinged on the wall of the annular ring at an angle of 45°, thereby making it 
rotate. In order to keep the annular ring rotating about the centre of the tank, 
three foam-padded castors, spring-mounted, were situated on the wall of the 
tank to bear gently on the outside of the rotating ring if it were not in the centre of 
the system (figure 1). It was found that if these castors were not used, the ring 
gradually shifted its axis of rotation until it hit the wall of the tank, creating a 
large disturbance on the surface of the water. It was necessary to construct a 
wooden form to fit snugly around the annular ring in order to hold it to a circular 
shape (figure 1). With the wooden form, the annular ring was circular to within 
0-6 cm in its 2-44 m diameter. 


Wave production 


The device used to produce the waves consisted of a wooden truncated circular 
cone 1-9cm deep with an upper diameter of 15-2 cm tapering to a lower diameter 
of 11-5cem. It was firmly attached to the cone of a Jensen no. B69 V elliptical 
loudspeaker. This assembly was situated on the top of the raised centre piece of 
the tank in such a way that excursions of the cone were perpendicular to the 
surface of the water. The cone extended about 1 cm under the surface. 

The loudspeaker was driven by a low-frequency oscillator through a rotating 
switch (for pulse production) and a matching transformer. The voltage applied 
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to the wave-maker was continuously monitored by a single-beam oscilloscope. 
The performance of the oscillator was checked by a precision counter and its 
frequency found to be stable, over the time intervals of interest, to better than 
one part per thousand. The actual frequencies employed were measured either by 
use of a stop-watch or by comparison with the 60-cycle mains. (The mains 
frequency in the power grid to which we are connected, controlled at Boulder 
Dam, is noted for stability and accuracy.) 
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FiGuRE 1. Experimental apparatus. 


As in any experiment with waves, it was necessary to choose between an 
efficient wave absorber and the use of pulse techniques. No simple efficient 
absorber seemed compatible with the other requirements of the experiment, so a 
pulse system was adopted. Pulses of 10sec duration at 1 min intervals were found 
to be reasonably satisfactory in eliminating disturbances due to reflected waves. 

Two of the prime difficulties of wave production by this method arise from 
lobal pattern asymmetry and transient modulation. Asymmetry occurs because 
of the difficulty of properly orienting the wooden disk with respect to the water. 
It appears that the bottom of the disk should be accurately parallel to the surface 
of the water, and that the motion of the disk should be accurately perpendicular 
to it. Transient modulation occurs because a resonant system is driven by pulses 
of off-resonance frequency, and because an impulsive type of motion is imparted 
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to the surface of the water at the start of the pulse. Even though the voltage 
amplitude on the oscilloscope is constant to within 1 °% there still is evidence of a 
transient modulation of 2—5 °% in the waves themselves. A reduction of the effect 
of this modulation was obtained by averaging the results of amplitude measure- 


ments taken at a different stage of each of a large number of pulses. 


Measurement of mean flow 


Measurement of the horizontal shear-flow profiles was performed photographi- 
cally during the experiment in the following way: ten circular pieces of white 
paper 0-6cem in diameter were simultaneously dropped onto the surface of the 
water in a line approximately at right angles to the flow in the area under con- 
sideration. A photograph was taken of these with the camera shutter open for 
0-98 sec (1 see on camera settings). The lengths of the resulting streaks on the 
film are proportional to the speeds at the points where the pieces of paper were 
dropped. This was done ten times in order to achieve a smooth profile. 

Visual observations of the vertical velocity profile were obtained by comparing 
the flow at a few cm depth and the flow right on the surface. A small plastic float 
about } cm in diameter was attached to a relatively high drag body of about the 
same dimensions by a piece of thread a few cm long. The rate of movement of this 
unit when placed in the water was found to be not significantly different from the 
rate of movement of a plastic float by itself at the same radius. There is little 
reason to believe that an appreciable surface stress exists, so any depth-wise 
velocity gradient would be associated with secondary flow. 

Such a secondary flow must of course exist. The stationary bottom of the tank 
must have associated with it an inward-flowing boundary layer. A compensating 
outward flow is thus required in the upper regions of the flow. If all the vertical 
movement occurs at the inner and outer walls of the tank, then in the main body 
of the annulus, solution of the vorticity equation yields for the tangential 


velocity J V = Brn — ret), (1) 


with / and n undetermined constants and 7, the radius of the inner wall. The 
smooth curves shown in figures 2 and 3 were obtained by an empirical fit of 
equation (1) to the measured points. The velocity values used in the various 
calculations were taken from the theoretical curves (except in figure 3 for a 
distance less than 85 cm for which values were taken from the visually smoothed 
experimental data). 

According to the above assumptions, the speed of the secondary flow is given 
by (n—1)v/r. With values of n obtained from the empirical fit this appears to be 
of the order of 10-4cem/sec. The strength of the secondary flow was examined 
experimentally by observing the trajectories of the small plastic floats described 
above. These were somewhat irregular, but the trend was towards the outer wall, 
with a rate of radial progression estimated to be of the order of 535 or less of the 
average tangential flow. 

It should be noted that our results do not depend upon the accuracy of the 
assumptions leading to (1), since in practice the equation has been used merely 
as a framework for an empirical description of the mean velocity data. 
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Wave measurement 


An optical system was used to measure the wave amplitudes, wave-number and 
wave direction. A board containing 64 light bulbs was fastened to the ceiling so 
that the light from these effective point sources reflected off the area of the shear 
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flow to be studied into a properly oriented camera. The lights were in a square 
array each 7-6cm apart. The board was approximately 3 m vertically above the 
surface of the water and approximately 3 m horizontally from the reflexion points 
on the surface of the water (figure 1). The camera used was a 35mm Agfa Color- 
flex. It was positioned approximately 1m vertically and horizontally from the 
reflexion points on the water surface, and angled so that the image of the ‘light 
board’ appeared in the centre of its field of view. 
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(i) Amplitude 

As the waves cross the image of the board, the image of a light undergoes 
oscillatory excursions, the maximum of which is a direct measure of the maxi- 
mum wave slope at the position on the surface of the water from which the 
undeviated light reflects. For each pulse the camera shutter was opened for 
somewhat longer than one wave period. The lengths of the streaks thus obtained 
on each frame are a measure of the maximum excursions of the images of the 
lights. A small alignment mirror, mounted just above the surface of the water 
and to one side of the image of the light board, was oriented to reflect one column 
of lights into the camera thus producing a constant reference line from frame to 
frame. (Examples of these photographs are given in figures 4a and 45, plate 1.) 
The sensitivity of this technique is such that wave slopes of only 0-01 radians 
could be measured to within 1 °%. The fact that the experimental waves had such 
small slopes justifies the use of first-order wave theory throughout. 


(ii) Wave-number 

The light board also has 23 straight white nylon strings mounted on it, each in 
a vertical plane (figure 1). These strings were photographed using an electronic 
flash unit. (Examples of these photographs are also shown in figures 4c and 4d, 
plate 2.) 

As the waves cross the area in question, the images of the strings distort into 
sinusoids. Lines of constant phase were determined from photographs of this 
natureas follows: a photograph was first taken of the strings with no surface waves 
in the area, then photographs were taken when waves were present. When the first 
photograph was projected, the images of the straight strings were traced onto a 
piece of graph paper on the projection board and the images of the lights in the 
alignment mirror were traced out.* Then the photographs with waves were 
projected onto this same piece of graph paper. When the images of the lights in 
the alignment mirror correspond with the traced images, the traces of the straight 
strings form a baseline for each of the sinusoidal string images. The positions at 
which each sinusoidal image crossed its baseline were marked. Joining these 
marks along wave fronts then produced lines of constant phase. 


(iii) Projection system 

In order to facilitate measurement of the data on the films, a tilted board 
projection system was used with the focal length of the projector the same as the 
focal length of the camera. If the board onto which the film is projected is tilted 
with respect to the projector to the same angle as the surface of the water makes 
with the camera, the measurements obtained correspond directly to the plane of 
the surface of the water, to within a uniform scale factor. 


* Because of the high contrast of the positive, the positions of the lights in the alignment 
mirror are not visible in figures 4c and 4d. They could be clearly seen, however, in the 
projected negatives. 











tl 


Ww 


fo 


wl 














Interaction between gravity waves and a shear flow 391 


3. Propagation in the absence of mean flow 
Wave-number 
Assuming irrotationality, incompressibility and infinitesimally small amplitudes, 
the phase velocity C for surface waves can be shown to be (Lamb, 1932, § 267) 
g kT\* 
C=(5+—], 2 
(i i ) . * 
where 7’ is the surface tension and k is the radian wave-number. 
T' was measured by observing the rise in a capillary tube of known bore, and 
found to be 67 + 4dynes/cm. 
For a wave frequency of 8-00c/s, the predicted wave-number is therefore 
, = 2-015 + 0-02 em-. 
Two experimental determinations at this frequency gave 
k, = 2-028 + 0-02 em-1 
and 2-033 + 0-02 em-. 
It therefore appears that the theory is at least as reliable as the measurements 
(i.e. + 1%) for small amplitude waves at this frequency. 


Viscous dissipation 
It is shown in Lamb (1932, §348) that if the motion in real waves is not signi- 
ficantly different from that in irrotational waves, then the expression for the 
amplitude a of plane waves as a function of time ¢ is 


a = a,e—¥*, (3) 


where v is the kinematic viscosity. 
In terms of the parameters measured in our experiment, where we have 
cylindrically expanding waves, this becomes 
d = by(8o/s)* exp { — 2vk?(s — 89)/C,}, (4) 
where 6 is the wave slope, 
s is the distance from the centre of the wave-maker, and 
C, is the group velocity, which is taken as 
C, = 0(kC)/ek, (5) 
where C is given by (2). 

In practice the rate of dissipation of wave energy is changed severely by the 
presence of a surface film of oil or other immiscible surface material. Experience 
showed that the film must be continuous over dimensions comparable with a 
wavelength to be effective. Thus it was found that by slowly siphoning off 
surface water, and with it the surface film, the water could be kept adequately 
clean without requiring many special precautions to prevent contamination. 
The only essential was that the siphon draw off both air and water to ensure that 
the interfacial surface be carried away. 
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Viscosity was not measured. However, an examination of tabulated values 
shows that it is very insensitive to concentrations of solutes as dilute as are found 
in tap-water. The temperature of the surface water was measured and the 
viscosity taken from the Handbook of Chemistry and Physics, 41st ed., Chemical 
Rubber Publishing Co., Cleveland. 
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Figure 5 shows values of 5 observed for frequencies of 8-00, 8-57 and 10-00 ¢/s, 
plotted as a function of s. The solid lines are obtained from equation (4). Since 
there is no preferred assignment to 6, the theoretical lines have been made to fit 
the experimental data near the centre of the range. 

The 8-00 c/s data are seen to agree quite well with the theory except for the 
wavy characteristic of the measured points. This waviness is thought to be due 
to the presence of small amounts of reflected energy. 

At 8-57 c/s the agreement is less satisfactory, but the observations cannot be 
said to conflict significantly with the theory. 

The 10-0 c/s data were taken with the aim of measuring the viscous dissipation 
of a wave whose phase velocity is exactly the same as that of a wave twice its 
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frequency. Unfortunately, it appears that this condition has not been achieved. 
From the photographs used to measure the wave slopes it could be seen that an 
extra wave train was present, but in the distance covered by the measurements 
the phase of this extra wave with respect to the 10-0¢/s wave changed by 90°. 
It is thought that the apparently rapid decay over the left side of the graph in 
figure 5 is a combination of two factors. One is the fact that any wave of a 
frequency of 20-0c/s which has appreciable amplitude that far from the wave- 
maker must have a continuous source of energy as it propagates. The only 
apparent source of energy is a non-linear wave-wave interaction with the 10-0 ¢/s 
wave. Between any crest of the fundamental and the preceding trough there is 
a region which is undergoing a continual rate of compression by the fluid particle 
velocities. If a part of an extra wave happens to coincide with this region for any 
length of time it will be increased in energy by the same sort of interaction as that 
between waves and a mean shear (Longuet-Higgins & Stewart 1960). The larger 
velocity gradients present in the 20-0c/s wave result in a much faster decay of 
energy to viscosity; so presumably a balance is achieved between non-linear input 
and viscous decay. The 10-0 c/s wave thus experiences an increased rate of loss of 
energy through the intermediary of the 20-0c/s wave. A phase photograph of 
a wave at 10-5 c/s is given in figure 4d, plate 2, clearly showing the complexity of 
the wave form when the frequency is near 10 c/s. 

The other factor contributing to the anomalous measured decay rate of the 
10-0c/s waves is due to the change of phase that occurs between the two wave 
trains. The shape of the parts of the wave from which the light reflexions take 
place can be inferred from the character of the streak density obtained from an 
amplitude photograph. From such an examination it appears that the parts of 
the wave which give the maximum excursions of the reflected light change from 
having a slope more nearly like that of 20-0 c/s to that characteristic of a 10-0¢/s 
saw-tooth wave. 

The peculiarities of waves in the neighbourhood of 10c/s have been noted 
previously (Wilton 1915, Pierson & Fife 1960). 


4. Wave-shear flow interaction 

Drent’s (1959) treatment was for a plane shear flow traversed by waves which 
would be straight-crested in any region where the shear was zero. Our case, 
while not different in principle, is more complex because we have a curved shear 
flow and a point source of waves. 


Wave kinematics 


The direction of phase propagation and the local wave-number are governed by 
two equations. The first is simply an expression of the fact that to an observer 
stationary relative to the wave-maker, the rate of change of phase is constant 
at all positions in the field. Thus 


Wy = kC—kV sing, (6) 


where w, is the radian frequency at the wave-maker, 
V is the local speed of the current, 
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and @is the angle between the direction of the local wave front and the 
direction of the current velocity. 


The second describes the refraction of the wave front. If7 is a co-ordinate along 
a wave front and é a co-ordinate normal to it in the direction of propagation, then 


; 0 oC a 
j= g] =—_— = lc > 7 gi « 
(C—Vsin P) az a ae sin ?) (7) 


The rather complex relation (2) between C and k, together with the difficult 
semi-empirical form for V, (1), makes analytic treatment of these equations (6) 
and (7) formidable. However, in practice it was always found possible to work in 
a region where C, k and ¢ were all nearly independent of 0, the angular co-ordinate 
of a cylindrical co-ordinate system with centre at the centre of the tank. In this 
case an iterative successive approximation method permitted ‘phase rays’, 
defined everywhere by the direction of the vector sum of C and V, to be located 
without undue difficulty. The same calculation gives k and ¢ throughout the field. 

Using the cylindrical co-ordinate system, equation (7) becomes 


op . ,0d sing . ,olnk dlnk 
sin po me og a 8 
cos a, Sin d a0 24 : sin d ap 008 od > (8) 








Under the assumption that / and ¢ are independent of 0, this can be integrated 
to give krsin gd = ky L, (9) 


where k, is the wave-number at the wave-maker and L is the distance from the 
centre of the tank to the wave-maker. From equations (9) and (6), sing is 
eliminated, leaving k as a function of r only, 


kC —w, = ky VL|r. (10) 


Equation (6) can be used to estimate the accuracy of (10) using 04/00 as evaluated 
in the absence of flow. This indicates that in the area investigated k is nowhere 
different from that given in (10) by more than 0-5 %. 

Measurements of wave-number variation were obtained from two independent 
sets of data in the presence of flow: set I with an oscillator frequency of 8-23 c/s 
and a velocity profile as shown in figure 2, set II with an oscillator frequency of 
6-00 c/s and a velocity profile as shown in figure 3. 

For set I, a total of 40 wave-number pictures were taken of which 5 were chosen 
and measured. Judgement was based on the visual smoothness of the sinusoidal 
string images. Lack of smoothness results partially from velocity fluctuations and 
predominantly from the presence of any waves of a period different from the 
main component. Equations (6) and (8) indicate that waves of different period 
refract differently, thus the presence of spurious wave periods produces local 
variations along the lines of constant phase. 

For set IT, an attempt was made to take forty photographs but because of a 
faulty camera aperture mechanism only ten usable ones resulted. On the whole, 
these ten were much freer from discrepancies than those of set I so that no 
difficulty was encountered in choosing five frames. 

Figures 6 and 7 contain typical lines of constant phase taken from data from 
two of each of the five frames of sets I and II, respectively. 
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The theoretical curves shown in figures 8 and 9 were plotted from equation (10) 
and were determined from set I information and set II information, respectively. 
The measured points were derived from the wavelengths obtained from the 
respective lines-of-constant-phase diagrams. The values used for the wavelengths 
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are the averages, at each position, of the minimum distance from a point on a line 
of constant phase to the nearest lines of the same phase in both directions. In 
order to show the scatter yet not overcrowd the diagrams, only 3; ofall the points, 
chosen randomly, have been shown in each case. Smoothing of the measured 
points in figure 8 was done visually. 

As can be seen from figures 8 and 9, set I] data agree very well with equation (10) 
whereas set I differs significantly from it. The maximum discrepancy in figure 8 
(approximately 5%) occurs at k = 2-7cm—!, and since the wave-number that 
propagates at the same phase velocity as a wave at twice the wave-number has 
a value of 2:7cm™!, calculated from equation (2), it is thought that the two 
phenomena are intimately linked, though exactly how is not yet understood. The 
most likely possibility is that the phase velocity in the vicinity of k = 2-7cm7! 


differs from that given by simple theory (equation 2) by approximately 5 %. 


ay eos Interaction dynamics 
Longuet-Higgins and Stewart (1961) have shown that for steady currents and 
in the absence of wave dissipation 
" aU, aU; 
V.[B(G, + W)]+38,(; a (11) 


Ox, Ox; 
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where F is wave energy per unit surface area, 
C, is the local group velocity of the waves, 
U is the horizontal current velocity, of which 
U, is a component, 
S;; is the (two-dimensional) radiation stress-tensor. 
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FicureE 8. Measured and predicted wave-number data—set I (8-23 c/s). @, Measured 
points; — —-—-, smoothed experimental data; —, theoretical curve. 
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FIGURE 9. Measured and predicted wave-number data—set II (6-00 ¢/s). 
@, Measured points; O, theoretical curve. 


In deep water the diagonal form of S;; is 


LE 0 
is; — “ ve 
“tj ( 0 ) ? (1 ) 


where the x, co-ordinate is here directed normal to the wave fronts. 
Drent (1959) and Longuet-Higgins & Stewart (1961) analysed (11) for the 
re ti l as g: = 
particular case eB eC aU, 
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but previous authors (e.g. Johnson, 1947) have neglected the interaction term 


in S;;. 
In our case (11) becomes 
. a ov V ; 
V.[H(C,+V)] = j#sin 24(° -— -) — viscous term, (13) 
cr or 








0) 





ed 


rm 


13) 





Interaction between gravity waves and a shear flow 397 


where C, is in the direction of advance of the wave and normal to its front, and V is 
tangential to the mean streamline and in the direction of increasing @. 

The line obtained by integrating from the inner edge of the flow outwards with 
the direction of C, + V, (a function ofr and @), tangent at every point to the path, 
shall be called a ‘group ray’. A path line defined this way possesses the property 
that no wave energy crosses it. That is, given any two group rays, the rate that 
energy flows across any line joining these rays is the same as the rate that energy 
flows across any other line joining them in the absence of dissipating mechanisms 
and non-linear interactions. Therefore, by considering the configuration of the 
group rays on the water surface, the effect of the refraction and spreading of 
energy can be taken into account. 

We shall assume that the effect of viscosity on the waves, being a purely local 


€ 


one, is not influenced by the shear flow and is given by (3) in the form 


(s _ —4vk°E 14 
| 7 |C,+ U| , , | 


where s is the distance from the wave maker here measured along the local group 
ray. 

Equation (13) can be put in a form suitable for numerical iteration by inte- 
grating it over the area contained between two differentially separated group rays 
and any two arbitrary points on the rays 








E,|C,+V|,1,-#,|C,+ V|,4, 
re °2 y 7 
= All Esin 26(" V --) dl ds — viscous terms, (15) 
4 1 dr r 
A(E|G,+V{l)_ , . a (dV =) ial ' ' 
: IAs” ——— 26(, ie Tr, — viscous terms, (16) 


where / is the perpendicular distance separating the two group rays and As is an 
element of length along the group rays. 

The theoretical curves used for comparison with the experimentally determined 
data have been obtained by a numerical integration of equation (16), including 
viscosity, along a previously determined group ray—the interaction curve 
including the term }F sin 2¢(dV /dr — V/r), the non-interaction curve omitting it. 


(ii) Results 

For both sets of data, 100 amplitude photographs were taken and the ‘best’ 
twenty in each were measured. The criterion used to judge which frames were 
to be measured was based on overall smoothness of the streak lengths within the 
frame being judged. (See figures 4a and 4), plate 1, for an example of a photograph 
rejected on this basis compared with one that was not.) The judgement was a 
purely visual one, i.e. it was performed before any of the streak lengths were 
actually measured. These anomalous streak variations are caused by the accumu- 
lative effect of fluctuations in the horizontal velocity that occur during the time 
required for the energy to propagate from the edge of the shear flow to the position 
of examination. The major effect of a local velocity fluctuation is a change of the 
rate of spreading from that point onwards along the group rays affected. 
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To determine the results of the interaction measurements a group ray was 
first plotted along which equation (16) was solved numerically with and without 
the interaction term. The group rays that were used were obtained simply from 
a graphical integration of the equation 


~rip = tang—7, 8004, (17) 
where C’, is obtained from equation (5), assuming (2). The angle ¢ was in all cases 
determined from equation (10) using the measured values of k and V. The group 
rays so obtained are shown in figures 6 and 7, for set I and II, respectively. Eight 
wave slopes were then determined for each frame of amplitude photographs 
chosen to be measured—one for each row of lights. If the group ray happens to 
pass between two lights, the value of the slope at the ray was obtained by linear 
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Figure 10. Wave slopes in presence of flow—set I (8-23 ¢/s). O, Theoretical interaction; 
@, theoretical non-interaction; @, measured +1s.z. 


interpolation between the lights. Each frame was then normalized by setting the 
average wave slope along the group ray for each frame to unity. The normalized 
measured values for each point on the group ray were then averaged over all 
twenty frames. The standard errors of each point were then calculated from the 
normalized data. The final averages for set I are shown as the measured points in 
figure 10 with the vertical bars indicating one standard error on each side. 

The theoretical curves plotted in figure 10 were calculated on the basis of 
zeroth-order kinematics—inclusion of first-order effects produced a negligible 
change. They incorporate the smoothed wave-number data of figure 8 in the 
conversion of energy to slope. They also were normalized to unity at the same 
position along the group ray at which the averaged wave slope occurred. It is 
evident that at large distances along the ray there is a loss of wave energy not 
accountable by the theory. This point will be returned to below. 

The theoretical curves used for set II incorporated first-order iterated kine- 
matics. The maximum deviation from zeroth-order theory encountered was 
1-7 % in wave slope. Figure 11 presents the data obtained in set II plotted in the 
same manner as figure 10. Clearly the agreement between theory and experiment 
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is much better than in set I, and the inclusion of the interaction terms seems 
favoured. Figure 12 presents the same data as figure 11 in a somewhat different 
form. The points shown in the upper diagram of figure 12 are the difference 
between the measured points and the normalized theory omitting the inter- 
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FIGURE 11. Wave slopes in presence of flow—set II (6-00 c/s). O, Theoretical 
interaction; @, theoretical non-interaction; @, measured +1 s.E. 
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Figure 12. Normalized comparisons of theoretical curves with measured wave slopes 
set II. — ——~—, Least squares regression through measured points; @, measured + S.D. error. 


action term. In the lower diagram of figure 12 the points plotted are this difference 
including the interaction term. In both cases, the vertical bars indicate one 
standard error on each side of the points, and the dashed straight line was 
obtained by least squares regression through the points. The interaction effect 
resulted in an added energy change of 12 % over the distance examined. As can 
be seen from the lower diagram of figure 12, the experimental data agrees very 
well with the theory (including the interaction term), but it appears likely that 
we have underestimated the standard error somewhat. It should be noted that 
the 12 % change in energy density produced by the interaction effect is to be 
compared with a 30 % change due to spreading. 
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5. Discussion 

The optical methods used in this experiment were entirely satisfactory—it is 
estimated that an accuracy of 0-5 % was achieved in all the optical measurements. 

The method used to create the shear flow, though extremely simple and 
adequate, possessed one major drawback—unsteadiness. Because of upwelling 
at the inner wall, a region of turbulence existed at the edge of the flow. This region 
produced most of the random variations of wave properties that were subsequently 
dealt with by statistical analysis. 

Considerable time was spent trying to produce waves with very little transient 
modulation. Unfortunately, the problem was not entirely solved. The attempt 
to randomize the phase of the modulation from pulse to pulse appears to have 
succeeded for set I data but not completely for set IT. 

It appears that a further experimental investigation is warranted into viscous 
dissipation and propagation properties of waves near k = 2-7cm~ both in the 
presence and absence of mean flow. 

The interaction measurements as presented in figure 10 are definitely ano- 
malous. The difference in decay rate between the measured points and the 
theoretical curves is in the same sense and of approximately the same magnitude 
as the discrepancies noted in the viscous decay between 8-57 and 10-0¢/s. It is 
perhaps significant that a sudden decay of energy occurs very near the position 
along the group ray, 12cm, at which k = 2-7cem~!. 

No anomalies were found in the information taken in set IT and figures 11 and 


12 clearly indicate that interaction theory is well favoured over non-interaction 


theory. 
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(d) 
FIGurE 4. (Plates Land 2.) (a) Selected photograph for the determination of wave amplitudes 
in the presence of a shear flow (6-00 ¢/s). (b) Rejected wave amplitude photograph 
(6-00 ¢/s). (¢) Wave-number photograph with shear flow (6-00 c/s). (2d) Wave-number 
photograph without shear flow (10-5 ¢/s). 


HUGHES anp STEWART 








o 





The development of three-dimensional disturbances in an 
unstable film of liquid flowing down an inclined plane 
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On the basis of results from a previous paper, expressions are found for the phase 
velocity and amplification rate of a wave travelling obliquely to the direction of 
flow. This wave comprises the general harmonic component of three-dimensional 
small disturbances, and accordingly a double Fourier integral is introduced to 
represent a bounded disturbance whose initial distribution over the free surface 
may be arbitrarily prescribed. Hence an asymptotic approximation is derived 
for a disturbance which is initially concentrated around a point on the free 
surface. Several distinctive properties of a localized unstable disturbance are 
noted: for instance, it lies mainly within an elliptical region whose area increases 
linearly with time as it moves downstream and which is modulated by long- 
crested waves. An experimental observation of a growing disturbance on an 
unstable film is recorded, and its main features are seen to be in agreement 
with the theory. 

In so far as linearized perturbation theory remains applicable, the effects 
investigated are common to a wide class of parallel and nearly parallel laminar 
flows. In the final part of the paper the method used to analyse the instability 
of a film is generalized in order to reveal the connexion between this and other 
problems; this aim is achieved by demonstrating collective properties of the 
complete class of flows in question, but particular reference is made to the example 
of laminary boundary layers and Poiseuille flow between parallel planes. 





1. Introduction 


In an earlier paper concerning the stability of laminar flow down an inclined 
plane (Brooke Benjamin 1957; hereafter this paper will be referred to as I), 
expressions were obtained for the velocity and rate of growth of a small distur- 
bance in the form of an infinitely long-crested sinusoidal wave travelling in the 
direction of flow. The main purpose of the present paper is to show how these 
results can be adapted to predict the properties of a wave directed obliquely to 
the flow and hence, by Fourier integration, can be used to analyse the develop- 
ment of an initially concentrated disturbance. While not adding to the essential 
solution of the stability problem as established in I, this analysis is useful in 
providing an interpretation of what actually happens when a film becomes 
unstable. A photograph is presented in §3 which shows a patch of waves on an 
unstable film, and the theory appears to account very well for the outstanding 
features of this disturbance. 
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The investigation in I used the same basic method that occupies most of the 
vast literature on the theory of hydrodynamic stability, its essentials being that 
a two-dimensional wave is assumed to disturb the two-dimensional primary 
flow and that when a stability criterion for such a disturbance is derived from the 
linearized equations of motion, it is tested over all values of the wavelength. 
Justification for considering only two-dimensional disturbances is given by the 
theorem due to Squire (1933), which shows a three-dimensiona! wave disturbance 
to have the same properties as a two-dimensional one for a smaller flow velocity, 
i.e. for a smaller Reynolds number; therefore, if the flow is stable until the velo- 
city exceeds a certain value, the neutral wave which marks the limit of stability 
at this critical value must be two-dimensional. Although Squire’s theorem leaves 
no doubt as to the adequacy of two-dimensional theories in proving theoretical 
limits of stability, there remains the important yet sometimes neglected point 
that such theories are generally insufficient to account for the actual event of 
instability when these limits are exceeded. For unless special measures are taken 
to introduce disturbances which are approximately two-dimensional, the first 
manifestation of instability will be of an essentially three-dimensional character 
since initial disturbances will arrive at the unstable region of the flow more or 
less randomly in spatial distrikution as well as in time. 

Under slightly supercritical conditions in general, linearized theory indicates 
a range of amplified waves both two- and three-dimensional, yet with a varying 
rate of amplification which is greatest for a certain two-dimensional wave; and so, 
during the time the theory remains applicable, this wave will tend to become 
the predominant component in the Fourier analysis of a developing transient 
disturbance. This property accounts for the occasional successes of two-dimen- 
sional theories in predicting the ‘most prominent’ wave in observed cases of 

instability developing naturally (i.e. without artificial excitation); for instance, 
waves in keeping with the Tollmien—-Schlichting theory were observed in the 
experiments of Schaubauer & Skramstad (see Schlichting 1955, ch. 16, $e) when 
the disturbances in a laminar boundary layer were allowed to arise spontaneously 
from background turbulence which had been reduced to the exceptionally low 
level of 0-03 °%; and also in this respect the theory in I was found to check with 
experimental observations made by Binnie (1957). It is seldom the case, however, 
that initial disturbances are so small as to allow enormous amplifications folowing 
linearized theory, to the extent that the aforementioned selective process 
leaves the manifestation of instability with little trace of its original three- 
dimensional character. Linearized theory may nevertheless often account for a 
preliminary stage of amplification, during which the optimum long-crested wave 
may develop some degree of prominence yet other components still remain signifi- 
cant, particularly those three-dimensional ones neighbouring to the optimum. 

These considerations rather suggest that the natural role of linearized per- 
turbation theories in relation to many problems of hydrodynamic stability— 
particularly ones where non-linear effects are known to arise readily—is to de- 

+ More precisely, it is justification for considering only the components with / = 0 in 
a Fourier analysis of an arbitrary small disturbance in terms of wave-numbers «, / respec- 
tive to the direction of flow and the transverse direction. 
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scribe the growth of localized essentially three-dimensional disturbances. As 
the basic element composing the preliminary stages of instability, one may 
usefully imagine an expanding region of perturbed flow which is initiated from a 
fairly tightly concentrated disturbance swept into the unstable part of the 
stream; as the region grows, the optimum long-crested wave will become pro- 
gressively more prominent within it. To reiterate the main point of the present 
argument, we suggest there may often be a phase of significant duration described 
by linearized theory (even long enough to permit asymptotic approximations— 
as introduced in the following analysis) but in which the perturbed region does 
not expand so far as to cease to be an essentially three-dimensional entity— 
say by reaching ail lateral boundaries of the flow. The over-all structure of the 
unstable flow, at least of its preliminary stages, may be conceived as an assembly 
of such elements; where they overlap, the optimum wave components need not 
coincide in phase, and it seems possible that phase randomness among the pre- 
dominant spectral component often contributes largely to the disorder observed 
in hot-wire signals detecting the onset of boundary-layer instability. 

The present problem may be proposed as a helpful illustration of this general 
aspect of stability theory, both because the properties of three-dimensional 
transient disturbances in a film can be found approximately without much diffi- 
culty, and also because the effects in question can readily be observed experi- 
mentally. In both these respects the problem is unusually straightforward; it is, 
for instance, much more so than the corresponding problem for an unstable 
boundary layer. Apparently no complete theory of the growth of small three 
dimensional disturbances in any flow of boundary-layer type has yet been given 
in the literature,+ though there have been several investigations of the properties 
of individual three-dimensional waves (see particularly Watson 1960). Nor 
apparently have any directly relevant experimental observations been reported. 
Accordingly, one object of this paper is to emphasize the illustrative value of the 
film problem in this general connexion. The method of analysis applied in §2 to 
the main problem will be generalized in §4 in order to show how the properties 
exemplified by a film may prevail in other circumstances; and in particular it will 
be shown how, proceeding from the corresponding theory of two-dimensional 
disturbances, a calculation like that in §2 can be eompleted for plane Poiseuille 
flow and for laminary boundary layers. 

One feature to be demonstrated in §4 is in fact absent from the main problem. 
which is thereby made specially simple. This is the dispersive effect arising from 

variations in the velocity of propagation of unstable waves. The velocity is 
constant in the approximate theory applied to the problem of an unstable film. 


2. Analysis 
The problem to be considered is indicated in figure 1. Liquid with density p. 
viscosity pv and surface tension pI flows in a uniform film of thickness h down a 


+ But Dr W. Criminale presented a paper on this subject at the AGARD conference on 
boundary-layer theory in London earlier this year (1960). He has made extensive calculations 
for a particular velocity profile, so dealing comprehensively with an example of the general 
problem covered briefly in § 4. 
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plane inclined at an angle 6 to the horizontal. This primary flow is steady and 
laminar, so that the velocity profile is a parabolic are with its vertex in the free 
surface. The velocity w, of the free surface will be taken as the unit of velocity for 
the purpose of defining dimensionless variables, and h will be taken as the unit 
of length. As shown in figure 1, Cartesian axes (x, y,z) are taken with x directed 
down the plane parallel to the flow and z directed transversely. Our main object 
is to find the properties of a small disturbance superposed on this flow and initially 
concentrated around a point in the (2,z)-plane; subsequently, if the flow is 
unstable, the disturbance will spread over a progressively wider area of the plane. 





Ficure 1. Diagram of the undisturbed flow, showing the velocity profile. 


The analysis will be based on the following results which were obtained in I 
for the case of disturbances independent of z. The displacement of the free sur- 
face from its equilibrium plane was represented by the real part of 


n = Setac—el) (1) 


where 6 is a constant representing the initial wave amplitude. There is no need 
here to express the corresponding velocity perturbations; it is sufficient to recall 
that they depend on x and time ¢ in the same way as 9, and that they are functions 
of y which vanish at the solid boundary. The waves observed in practice when the 
conditions of stability are slightly exceeded are extremely long compared with 
the film thickness; accordingly, an approximate theory was developed in I, 
§5, on the assumption that the dimensionless wave-number « (= 27h/wave- 
length) is small. On this basis, the real and imaginary parts of ¢ were found to be 


Cc, = 2, (2) 


i= 3R((5-G)a—Ta}, (3) 


C 


where R = uh/v is the Reynolds number, and where G = ghcos@/uz and 
T = T/hu% are numbers characterizing the effects of, respectively, gravity and 
surface tension on the disturbance. Note that c, and c; as given by (2) and (3) 
express the respective physical quantities as multiples of w). The parameters R 
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and G@ are not independent in this problem, since the primary flow itself con- 
stitutes a balance between viscous forces and the weight of the liquid (see I, § 2): 


their relationship is in fact 
=P (4) 





in which R, is the critical value of FR defined in the next paragraph. (The notation 
of (3) differs somewhat from the original presentation in I; in particular, the 
Xeynolds number in I was based on the mean velocity and so is equivalent to 


2h here.) 
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FicurRE 2. Typical graphs of amplification rate o = ac, as a function of wave-number « 
according to equation (3). Here o is proportional to ka? — a, where & is a number which is 
positive, zero and negative, respectively, in the unstable, neutral and stable cases. 


The sign of o = ac; is a criterion of stability since ot forms the real part of the 
exponent on the right-hand side of equation (1). Thus equation (3) shows that 
the flow is unstable when G < $ [i.e. R > R,, where R, = }cot 4], because then 
o > 0 for a range of small values of «, that is, there are waves whose amplitude 
increases indefinitely with time. Some typical graphs of o vs « are drawn in 
figure 2 in order to show clearly the meaning of this result. Under unstable 
conditions, o has a positive maximum ¢,,, (i.e. there is a maximum rate of ampli- 
fication) at a wave-number given by 


(5) 


and the fact that «,,, is indefinitely small when the stability condition is just ex- 
ceeded confirms the appropriateness of the small-« approximation. When the 
plane is vertical, we have G = 0 for every R and hence we see that the flow is 
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always unstable. However, it was shown in I that for a vertical film o,,, is ex- 
tremely small for Reynolds numbers below a certain ‘quasi-critical’ range, but 
in this range it suddenly becomes large. This explains the sudden appearance of 
waves in experiments where the Reynolds number is gradually increased from 
small values. For water at normal temperatures the quasi-critical range is near 
R = 6, and the corresponding a,, is still quite small. Experiments made by Binnie 
(1957, 1959) have substantially confirmed the stability theory summarized here. 

[It is noted incidentally that these results also apply to a film running down the 
under side of an inclinded plane. As 37 < 6 < 7 in this case, so that G < 0, 
equation (3) shows gravity to have a destabilizing effect, as would be expected 
on physical grounds. The film is always unstable for 47 < @ < 7, and in the limit 
0 -> 7 which makes wu, > 0 the present results describe the Taylor instability of 
a stationary liquid layer (cf. I, p. 568).] 

Let us next consider a three-dimensional disturbance for which the displace- 
ment of the free surface may be represented by 


n = Oexp{i(aa + fz) —iact}. (6) 


Allowing complex values of 6 and both positive and negative values of « and /, 
we see that this expression constitutes the most general Fourier component in 
the (x,z)-plane; that is, every possible simple-harmonic function of x and z 
is obtainable by linear superposition of the real parts of such expressions. At 
the same time we recognize that the disturbance ean is essentially a long- 
crested wave having a wave-number y = (a2+ /?)! and propagating at velocity 
(a/y)c¢, in a direction inclined at an saith tan-1(f/a) to the x-axis [i.e. c, is the 
phase velocity in the x-direction, which is of course larger than the velocity in 
the direction of propagation]. 

Expressions for c, and c; in this case can at once be inferred from (2) and (3) 
by appeal to the well-known theorem due to Squire (1933), and further explained 
by Yih (1955), which states in effect that the properties of the disturbance 
depend on the primary flow only in respect of its component in the direction of 
propagation. Thus (2) is to be interpreted as an expression for the wave velocity 
in the oblique direction, with («/y) wp instead of uw» taken as the unit of velocity; 
and so, reverting to the original unit, we deduce immediately that the wave 
velocity in the x-direction is ane (7) 
in this case as before. A similar interpretation holds for (3) with («/y) uw,» replacing 
Uy in the definitions of R, G and T (e.g. (a/v) R must be written in place of R if 
R is to retain its previous meaning); and hence we get 


pa 2 —. 8 

3y \° 3) iia (8) 
where F, G, and 7’ mean the same as before. The logarithmic rate of growth is 
therefore o = ac, = ER(Sa2 — Ga? + 62) — T(a? + B2)%}. (9) 


Figure 3 shows a typical contour map of o in the (a, /)-plane. The maxima 
of o occur at points +«,, along the a-axis, this optimum value of « being, of 
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course, the value given by (5). The contour o = 0 divides the plane into stable and 
unstable regions, since waves for which the point (a, f) lies outside this contour 
are damped (ao < 0) and waves for which («, /) lies inside are amplified (o > 0). 

Introducing the moving axis x’ = x—c,t, whose origin travels downstream 
at the constant velocity c, = 2, we now have that the most general harmonic 


component is dexp {i(aa’ + Bz) +o(«, £)t}, 


0-04 ; . r 2 
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Figure 3. Contours of constant amplification rate o in the first quadrant of the («, £)- 
plane; the figure in the complete plane is symmetrical about both axes. In this example it 
is specified that G = # and T = 160; hence a,,, = R/3000 and «,, = 0-05. 


where 6 is independent of x’, z and ¢, and where « and £ are any pair of positive 
or negative real numbers. Hence disturbances of arbitrarily prescribed form at 
t = 0 can be represented by double Fourier integrals of the type 


n =|" [" O(a, P) exp {i(ax’ + fz) + ot}dadp. (10) 


We are here restricted to initial disturbances 9(2’,z,0) for which there exists a 
Fourier transform 6(a, /) in the real variables a and / (e.g. we cannot deal with 
functions, such as periodic ones, which do not vanish at infinite distances from 
the origin), but all cases relevant to the physical problem under consideration are 
clearly admissible. 

Whatever the initial distribution 6(«, #) of wave components, it is clear that, 
as t increases, those components for which o lies very close to the maximum ¢,, 
will eventually predominate over all others; and on this principle an asymptotic 
approximation to (10) may readily be obtained by Laplace’s method (Erdélyi 
1956, §2-4). The general result that 7 eventually depends only on 4(q,,, 0) will 
be confirmed in §4, and for the present we shall fix attention on the following 
example. Taking 6(«,/) = const. in (10), we have a disturbance which at 
t = 0+ is highly concentrated in the vicinity of the point x’ = 0, z = 0, and which 
at this and subsequent times is represented by 


0 = [| “00s ax! eos fe e*dadf, (11) 
oJo 
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where for simplicity an amplitude factor of unity is taken. While the fact should 
be kept in mind that the asymptotic approximation to be derived is not dependent 
on the special choice of 6, this example serves particularly well to demonstrate 
esssentials. The initially uniform distribution of wave components is the most 
clearly conceivable starting-point for the process of selective amplification; and 
there is the important practical aspect that with such a distribution the asymp- 
totic approximation becomes reliable sooner than with a non-uniform initial 
distribution having its greatest density away from the point of maximum 
amplification. Thus initially concentrated disturbances are the most likely to 
manifest the predicted asymptotic behaviour distinctly in practice, a conclusion 
that was borne out by the experiments described in §3. 

Laplace’s method takes the leading terms of the expansion of o about c,,, 


which are o = 0,—a(a—«,,)?— bf, (12) 


The approximation to (11) is therefore 


yw egnd | mee aac’ e—~Ua—am)* x | “eos Bze'* dp. (14) 
0 0 
In (14) the integral with respect to / is a standard result, and that with respect 
to a is reducible approximately to a similar integral by changing the lower limit 
to — 0, the effect of this change being within the over-all error. The outcome is, 
apart from a numerical factor with no significance here, 
ee ee 15 
Y ~ 5 OPM COB LyX exp|-75- aif (15) 

The following features of this result are worth noting separately: 

(1) The amplitude of the disturbance grows according to t-!e7m', not ex- 
ponentially as might be expected. [Note that for a two-dimensional localized 
disturbance the corresponding result would be te; in the present case each 
of the two integrals in (14) contributes a factor t-}.] 

(2) The disturbance remains centred at the origin of x’; thus the developing 
wave-pattern is transported downstream at the velocity c, = 2. 

(3) The disturbance is effectively confined within an elliptical region whose 
dimensions grow proportionally to ¢?, i.e. its area increases linearly with time. 

(4) The ratio of the axis of the ellipse in the flow direction to the transverse 


axis is 4 4 
6= (;) = (2—8@)t = 24(1- 3) 


The ellipse is therefore very oblong in the transverse direction when the film 
is just unstable, i.e. when F# slightly exceeds R,. The outline of the disturbance 
becomes circular (e€ = 1) when & = 2R,; and when R is more than twice its critical 
value, the disturbance becomes elongated in the flow direction. For a vertical 
film, G = 0 and soe = 2. 

[Equation (16) also applies to a film on the under side of an inclined plane 
(i.e. 37 < 0 < 7,G < Oand hence e > ,/2), provided the inclination is not too far 
from the vertical. When @ +7, (16) indicates that ¢€—> 0; but this result is 


(16) 
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spurious, as readily appears on reconsideration of the expression (9) for 7. For. 
if the film lies beneath a nearly horizontal plane, so that —G is large yet 
G/T = gh? cos 0/T +—gh?/T, then the optimum wave is determined primarily by 
the second and third terms on the right-hand side of (9). Hence o is very nearly 
equal to a,, for a?+ 6? = gh?/2T, ie. on a circle centred at the origin in the 
(a, #)-plane; and though, if the plane is not quite horizontal, absolute maxima 
Oo», Still occur at « = +a,,, 8 = 0, they are not distinct enough for the present 
asymptotic approximation to be reliable. ] 

Finally, as regards physical applications of the foregoing analysis, the follow- 
ing points need mention: 

(a) The expressions that were used for c, and c; are accurate only when « and 
f are small, yet the initial disturbance was represented as a synthesis of an in- 
definitely wide range of wave-numbers over which these expressions were taken 
to hold. This step is legitimate, however, as a convenient means to obtaining the 
asymptotic approximation, i.e. our description of the disturbance when it has 
grown large enough to be composed from the optimum part of the wave-number 
spectrum. (Our assumption that « is small in the optimum range relies, of course, 
on (5).) Components at large wave-numbers are known to be rapidly damped 
anyway (see I, §4), and so it is immaterial that they are assigned an meorrect 
though still rapid rate of damping. 

(b) Regarding the accuracy of (15) as an asymptotic approximation, a state- 
ment as to a sufficient magnitude of t is still lacking. By developing the asymp- 
totic expansion of which (15) is the first term, one can see that (15) would cer- 
tainly be a close approximation whenever ¢ is large enough to make g,,t/«,, 
substantially greater than the major axis of the ellipse. When ¢ is this large, 
(15) becomes accurately applicable whatever the form of the initial disturbance; 
but, at least for the case of a concentrated initial disturbance as represented by 
(11), it would appear that (15) still describes roughly the main features of the 
wave-pattern when ¢ is much smaller than this. There seems little point in 
attempting to improve the present approximation on the basis of the simple 
formulae taken from I, because the limitations of these formulae in respect of 
the matter (a) above is probably just as important as the limitations of (15) as 
an approximation to (11) or, as it is more generally (cf. §4), an approximation to 
(10). 

(c) A more serious consideration than either of the above is that before the 
asymptotic behaviour according to linearized theory is approximately established, 
a disturbance may grow to a size at which non-linear effects become important. 
The initial disturbance clearly must be quite small for the present results to be 
applicable at some subsequent stage, but it would be very difficult to predict 
the practical limitations in this regard, and the matter is best left to be settled 
by experiment. 


3. An experimental observation 

Figure 4 (plate 1) shows an example of the phenomenon in question, and this 
photograph happily bears out the approximate theory proposed above. It is 
thought desirable to include this isolated observation for its illustrative 
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value, even though a comprehensive experimental check on the predictions 
listed below equation (15) has not yet been made. The experiment that provided 
figure 4 was done in collaboration with Mr W. Troutman. 

In the experimental arrangement a thin film was formed on an inclined sheet 
of plate glass by allowing water to flow through a gap under a rectangular bar 
spanning the sheet. The pool of water above the gap was supplied by seepage 
through layers of muslin, so that the pool was very little disturbed by the 
incoming flow; and by straining the glass sheet careful adjustments of the gap 
were made in order to produce a film that was approximately uniform over a fairly 
wide span. The velocity w, of the free surface was measured by timing the pro- 
gress of dust particles in the surface, and then the film thickness h was calculated 
by means of the following formula given by rearrangement of (4): 


h? = 2uyv/gsin 6. (17) 


Hence the Reynolds number R = uyh/v was obtained. This estimate of R was 
found generally to agree closely with the estimate R = 3Q/2v in which Q, the 
volume flow rate per unit span, was measured by collecting and weighing the 
flow. 

The long-crested waves that can be seen near the bottom of figure 4 (plate 1) 
developed spontaneously, presumably as the outcome of small fluctuations in the 
stream which in turn were due to disturbances in the pool of water behind the gap 
or to vibrations picked up by the whole apparatus. The regularity of these 
waves can be attributed to the fact that any disturbance was rapidly transmitted 
over the surface of the pool and so communicated to the whole span of the film. 

At a good distance above the place where the naturally excited waves first 
appeared, localized disturbances were introduced into the film either by touching 
the free surface momentarily with a fine wire or by delivering it a minute puff of 
air through a capillary tube; these methods were equally effective, though the 
first was more easily controlled. The disturbances were made at points about 
2cem downstream from the opening of the gap; it was unsuitable to make them 
any nearer than this to the beginning of the film since a disturbance was then liable 
to be spread unduly by being transmitted along the meniscus attached to the 
vertical face of the bar. A sequence of very short ripples was seen to radiate 
rapidly from the initial disturbance, but these ripples were damped out within 
a short distance. If, however, the film was unstable, a pattern of much longer 
waves was also seen to develop from the disturbance, increasing progressively 
in area and amplitude as it travelled downstream. 

When the present photograph was taken, the slope 0 was 13-1° and w,) was found 
to be 6-35em/sec. The temperature of the water was 18-6°C, and hence it was 
estimated that v = 0-0104cem?/see and [ = 73-0cm3/sec”. With this w, and »v, 
(17) gives h = 0-0244em, and it follows R = 14-9. The critical Reynolds number 
for this slope is R, = }cot@ = 5-4, and thus it is confirmed that the film was 
unstable. 

The disturbance shown in figure 4 was photographed when it had travelled 
about 25cm downstream from its point of origin. This patch of waves is seen to 
have an approximately elliptical outline, and the wave crests are seen to be 
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approximately parallel at right angles to the flow direction. The patch is slightly 
oblong in the flow direction, and € may be estimated to be about 1-1 With the 
data given in the last paragraph, the theoretical value of ¢ according to (16) is 
1:13. From the photograph the optimum wavelength may be estimated as 
A,, = 2:1em, and the theoretical value found from (5) is A,, = 1-85em, correspond- 
ing to a,, = 0-083; this seems a reasonable agreement (cf. Binnie 1959). It was 
also confirmed, though only roughly, that the waves travelled at about twice 
the velocity of the free surface, and that after a disturbance had developed into 
a distinct pattern such as shown in figure 4, its area grew approximately linearly 
with time. The latter property was most readily checked by observing that the 
extremities of the transverse axis described a parabola as the axis moved down- 
stream at constant speed. 

The stage at which the theory ceased to apply, owing to the development of 
significant non-linear effects, was indicated by deformations of the wave-pattern 
in the following way. Along each transverse ridge formed by a wave crest, the 
central parts where the amplitude was largest began to travel considerably 
faster than the outlying parts, so that the ridge became progressively more 
convex in the downstream direction. However, it could sometimes be observed 
that even when the waves in the interior of a patch had grown so large as to be 
greatly distorted by the non-linear effects, the lateral outskirts of the patch 
continued to spread in the manner predicted by the linearized theory. 


4. Generalization of the previous analysis with application to unstable 
laminar flows of boundary-layer type 

An advantage of the problem previously considered is that it affords a simple 
illustration of properties common to a wide class of parallel or nearly parallel 
flows, which includes Poiseuille flow between parallel planes and laminar boun- 
dary layers. Accordingly, it will now be shown how the mathematical arguments 
used in §2 may be extended to other examples of hydrodynamic instability 
possessing the distinctive feature that a certain two-dimensional wave distur- 
bance has a maximum rate of growth for given conditions of flow. The general 
method of approach will be explained with particular reference to the important 
cases just mentioned, for which the mechanism of instability depends only on 
fluid inertia and a constant viscosity; the previous example should suffice to 
indicate the procedure when there are other physical factors (e.g. gravity and 
surface tension acting on a free surface, or continuous variations of density or 
viscosity). The properties of a three-dimensional disturbance in plane Poiseuille 
flow or in a boundary layer will not, however, be evaluated explicitly as was done 
for the previous example; the aim here is merely to give a formal demonstration 
of their general character. In addition to properties already exemplified in § 2, 
we have to consider the effects of variations of c, with wave-number. 

The solution to the stability problem for plane Poiseuille flow is now well 
established (Lin 1955, ch. 3), and this may be considered the archetype of the 
various available theoretical results which are adaptable to present treatment. 
The boundary layer formed by incompressible flow over a flat plate presents a 
closely related stability problem, having usually been treated as if the primary 
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flow were parallel (Lin 1955, ch. 5; Schlichting 1955, chs. 16 and 17). Various 
predictions based on this approximation have been confirmed experimentally; 
but we must note with caution that our use here of the approximate theory, 
neglecting boundary-layer growth and the change of Reynolds number in the 
direction of flow, stands in need of special justification. On this basis an analysis 
of the development of a discrete disturbance as it moves downstream remains 
secure only while the distance travelled, as well as the length of the disturbance, 
covers insignificant changes of boundary-layer thickness. Nevertheless, it seems 
reasonable to suppose that the usefulness of the theory could be considerably 
extended by taking the boundary-layer parameters to vary slowly in the results 
worked out on the assumption of fixed parameters. 

In the existing analyses of these problems, the equations of motion are linear- 
ized in terms of velocity and stress perturbations in the general form 


v = Oy; a, R)er-—, (18) 


where « is real. The ‘wave amplitude distributions’ 4 are functions only of the 
co-ordinate y perpendicular to the solid boundaries, i.e. they are indepenent of 
time ¢ and the co-ordinate x in the flow direction; but they depend parametrically 
on a and Reynolds number R. For the velocity perturbation parallel to y, the 
respective function @ is a solution of the well-known Orr-Sommerfeld equation, 
and for the velocity parallel to 2 the respective @ is the first derivative of a solution 
(see Lin, ch. 1). There is no need, however, for us to recall the relationships among 
the velocity and stress components; and, to fix ideas regarding the physical mean- 
ing of the subsequent analysis, we can henceforth take ¢ to refer specifically to the 
velocity parallel to y. 

Consideration of two-dimensional wave disturbances in the form (18) is suffi- 
cient to solve the stability problem, since Squire’s theorem proves that such a 
wave is the one maintained at the ‘critical’ Reynolds number—i.e. at the limit 
of stability. With the boundary conditions, the linearized dynamical equations 
and the continuity equation constitute a characteristic-value problem leading 
to a relationship of the type (see Lin, ch. 3) 


F(a, R,c) = 0. (19) 


Each pair of values « and # thus specifies a value of c, which is generally complex. 
(In other words, the Orr-Sommerfeld equation and the boundary conditions on 
its general solution comprise a system which provides discrete eigenvalues c and 
eigenfunctions 0(y; a, R).) 

This relationship is extremely complicated, in contrast to the simple case dis- 
cussed in §2, and it cannot be solved so as to give c explicitly in terms of general 
values of « and R. The practical solution to the stability problem is instead 
usually presented as a ‘curve of neutral stability’ in the (a, R)-plane, which is 
worked out numerically by putting c; = 0 and eliminating c, between the real 
and imaginary parts of (19) [see Schlichting (1955, pp. 328, 329) for an example]. 
Further contours of c; have been worked out for some problems (see figure 5). 
Though certain approximations can be made, justified by « being fairly small 
yet aR large, the calculations are still very laborious. Even so, and notwith- 
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standing the form of the numerical results, it is implicit in this procedure that 
cis a definite function of « and R. That is, we can write 


c=C¢,+i%c; = C(a, R), (20) 


using bold type to denote the prescribed function, and we know that this function 
may at least be estimated by interpolation on the available contour maps of 
c, and c; in the (a, R)-plane. [Incidentally, it is easily verified that c(—a, R) is 
the complex conjugate of c(a, R), which we denote by €(a, R).] 











log R 


Figure 5. Contours of constant c,; (zero and positive values) in the (a, R)-plane, with R 
expressed on logarithmic scale. The dashed curve is the locus of the maxima of ¢; for given 
values of R, and an absolute maximum occurs at R = R’; this curve necessarily lies below 
the locus of the maxima of o. 


As the key to the present application of stability theory, Squire’s theorem may 
be restated as follows. For a perturbation in the form 


v = Wy) exp{i(aa + fz) —iact}, (21) 
where z is the co-ordinate perpendicular to (x,y), the result corresponding to 
ila c = c(y, R*), (22) 


where y = (a?+/2)! and R* = (a/y)R [this notation follows Watson (1960)], 
and where c is the same function of the two variables that occurs in the solution 
(20) to the two-dimensional problem. (Note that y takes the same sign as 2.) 
Furthermore, the amplitude factor in (21) satisfies a form of the Orr-Sommerfeld 
equation with parameters y, R* instead of «, R; thus > = o(y; y, R*) according to 
the definition used in (18). 

Figure 5 shows a map of c; in the (a, )-plane, such as is obtained for plane 
Poiseuille flow on the basis of the two-dimensional theory. There is no need here 
to discuss the differences between this example and similar maps for boundary 
layers with negative, zero or positive pressure gradient; it seems enough to recog- 
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nize that, despite these differences which generally arise where R is much greater 
than the critical value R,, there is in all cases a distinct range of R above R, to 
which the conclusions explained in the next paragraph definitely apply (because, 
in effect, the different sets of curves all have the same character at the left-hand 
end of the unstable region). This range at least covers the phase of boundary- 
layer instability for which the linearized theory is most likely to be useful. Now, 
the present interest of diagrams like figure 5 is that, because of (22), the values of 
c,; for three-dimensional waves in the form (21) can also be found from them. 
Since y.k* = ak, these values are found simply by tracing a hyperbola «Rk = const. 
to the left from the respective point « on the ordinate for the given R. [For ex- 
ample, if we want c; for « = 0-2 and £ = 0-15 at R = 1000, we have y = 0:25, 
k* = 800, and so we find the value of c- at the point (0-25, 800) on the (a, R)- 
diagram calculated for two-dimensional waves. ] 

For / = 0a general property illustrated by figure 5 is that, at any given finite 
R greater than R#,, c; is positive over a certain finite range of a and has a single 
maximum in this range. It follows that o = ac; has a positive maximum, say 
T,; and we write a,, for the respective value of «; thus ,, is determined as a 
function of R by satisfying the equation 


~ 


a [rag Jeue. 2) = 0. (23) 
0m lod 


To admit the method of asymptotic approximation used in §2, the present case 
must provide the property that, for a given supercritical value of R, o,,, is greater 
than any value of o obtained with £ + 0, i.e. the optimum two-dimensional wave 
is the most unstable for the given R. For confirmation on this point, which is 
actually a rather delicate one having no directly obvious proof, we may refer to 
the work of Watson (1960). He showed in general that o(«, /, R) is greatest for 
a=a,, ) = 0at least when R is given in the range above R, terminated by the 
value at which c; has its absolute maximum (e.g. #’ in figure 5). For higher 
Reynolds numbers no definite result can be stated; but in the case of Poiseuille 
flow Watson assessed the available numerical evidence to imply that the most 
unstable wave is a two-dimensional one at all Reynolds numbers above the 
critical. 


+ Being based on Squire’s theorem these deductions depend crucially on the assumption 
that the flow is effectively unbounded in z, as also does the paramount deduction that the 
critical Reynolds number is determined by a two-dimensional wave. But it may be noted 
incidentally that the mathematical statement of Squire’s theorem also holds for complex 
values of £, in which case the present conclusions are invalidated. In particular, for a 
disturbance with real exponential z-dependence, / is purely imaginary and we have y < « 
for |f| < «, which indicates by virtue of (22) that such a disturbance can be unstable at 
Reynolds numbers below the critical value for two-dimensional waves. Such disturbances 
are clearly possible in the presence of a lateral boundary to the flow; more precisely, 
there can be disturbances which become exponentially decreasing in z outside the extra 
‘boundary layer’ formed in the primary flow. For this reason it may prove impossible 
to avoid some measure of ‘premature’ instability in experiments simulating plane 
Poiseuille flow; because whatever form of lateral boundaries are used, there can be distur- 
bances between the parallel planes which are to some degree sensitive to the presence of 
these boundaries. 
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Proceeding from (21), the next step is to introduce a double Fourier integral 
to represent a localized disturbance. As an extension of the method that was 
used in §2, we shall here take account of y-variations and so represent a three- 
dimensional disturbance in toto, rather than restricting as before to the distribu- 
tion over a particular (x, z)-plane. We recognize in advance, however, that this 
extension scarcely adds to what is directly deducible by the original method 
which, if applied again, would still afford a complete description of events in any 
given (x, z)-plane consequent to arbitrary initial conditions in that plane. The 
following three-dimensional synthesis represents the y-dependence which is 
apparently concomitant with a (x, y)-distribution initially specified in a chosen 
plane, and so it does not add to the degree of arbitrariness available in setting an 
initial-value problem. We shall not attempt to establish whether or not the 
initial distribution in three dimensions might be represented with greater 
generality, i.e. to seek a uniqueness theorem supporting the present method of 
representation. But presumably the method is in fact adequate, particularly as 
disturbances of the type (22) with harmonic dependence on w and z are apparently 
the only ones possible in the present theoretical model which is unbounded in x 
and z, and also as the eigenfunctions 4 presumably may form a complete set. 
In any case it appears that at least every unstable element of any disturbance is 
represented here; and so in this context, where the aim is to derive properties 
due to the class of unstable waves, there would be little point in pursuing the 
mathematical issues relating to generalization of the initial-value problem. 

We accordingly consider 


v(x, y, 2, t) -|" ia O(a, P) ey; y, R*)exp {i(ax + fz—ac,t)+ at}dadp, (24) 


where 6(«, £) is an arbitrary function. If at t = 0 the perturbation v is prescribed 
over a certain plane y = 0, say, and if the Fourier transform of v(x, 0,z, 0) is 
g(a, 2), then we have that O(a, 6) = g(a, /)/0(0; y, R*). Hence, when this expres- 
sion for 6(«, £) is substituted in the integral, v is determined by (24) for all t > 0. 

In order to derive an asymptotic approximation to (24) for large t, the ampli- 
fication rate o has to be expanded as far as quadratic terms in a—a,, and /. 
[For the time being we only consider the maximum at («,,, 0), leaving the equal 
one at (—,,, 0) to be treated later.] The corresponding expansion of the frequency 
w@ = ac, is also needed. Considering further the case of Poiseuille flow or boun- 
dary layers, we shall now show how the required expansions may be deduced 
fromw+io = ac(y, R*), where the function c = c,+7c; isin principle known from 
the solution to the respective two-dimensional problem. Using suffix m to refer 
always to the optimum conditions f=0, «=y=«a,, R*=R, we have 
(eo /Cx),, = 0 by definition (ef. (23)); and we get, using (23) to obtain the second 
equality, 


st) 
5,2 = 
Ca m 


\ 





(Ci) m a an (5 ‘) = 2p, say, (25) 
m 
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where p must be a positive constant since o,, is a maximum. The first two equali- 
ties in (25) indicate how p can be evaluated from data such as are plotted in 
figure 5. It is next observed that 


co _afce; BR cc; a 
Fy yoy yw aR® (a) 


ey B @R*_ ral) aR 


py op - oB\y)  P- 
oo Led 
y ) 


- os fs _1(ig) es 
‘ ' _ oy m Am oR* 


1 te. 
~ ean n() |=-29, say. (28) 


since 


a 


Here q is positive as an implication of Watson’s proof, referred to above, that 
og is greatest for the optimum two-dimensional wave; and (28) shows how q also 
is deducible from data such a8 in figure 5. The required approximation to is 


therefore o =0,,—pla—a,,)?— gf. (29) 


Consider next the frequency w = ac,. In the same way that (26) leads to (27), 
we get 


(3 a« C8 us 
7 © NeaeB}m 


and so we have 


‘Cw 1 (C20 Pe: 
WO = Om 0 (=) (x ps Xm) a (=) (a — a) +3(eR) & (30) 
m = m m 


to the second order in «—«a,, and f#. Herew,, = «,,(C,),,, and the three derivatives 
can be found from the solution to the two-dimensional problem, just as was shown 
above for the derivatives of o. 


We now introduce m 
X= -U alt 


; Cw oc 
where l rae -(= ) o = (Cr) an, ) 
Ca] m IY] m 


is the group velocity of the wave of maximum amplification, and we also write 


(31) 


x 


oc 


V= im me vs a din) 4 =A—-4,y, 


ia) Cw 
®) » ee— (— ) 
m p m 


Hence, when the approximation (30) is substituted, the imaginary part of the 
exponent in (24) can be arranged in the form 


Lm (X + Vt) + CX + fz t+ xt + wpe. (33) 


(32) 
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Figure 4. Photograph showing an elliptical patch of waves developing on an unstable 
film of water. The graticule which can be seen here consisted of $ in. squares and was 
attached to the under side of the sheet of glass down which the film was running. 
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In deriving an asymptotic approximation to (24) by Laplace’s method, (29) 
and (33) are the expansions to second order required to account for the maxi- 
mum of o at (a,,,0). The expansions appropriate to the other maximum at 
(—a,,,0) are immediately deducible from (29) and (33) on recognition of the 
fact, noted below (20), that c(—y, R*) = €(y, R*). In terms of the new variables 
¢’ = —(a+a,,), #’ = —f, the form of the expansion of o is seen to be unchanged 
from (29), while the form of the expansion of w is seen to be the same as (33) 
except for an over-all change of sign. Thus, for the two maxima, the respective 
approximations to the exponential factor in (24) are complex conjugates. In 
keeping with Laplace’s method, the areas of integration of the respective 
approximations may each be allowed to cover the whole plane; and the method 
also permits the factor g(a, /)@(y;y, R*)/t(0;y, R*) in the integrand to be 
evaluated at the maxima (where y = +a,,,R* = R) and hence taken outside 
the integral signs. Use can also be made of the fact that o(y; —«,,, R) is the con- 
jugate of 0(y; «,,, R), which is easily verified from the Orr-Sommerfeld equation. 
The approximation to (24) is therefore expressible in the form 

V~ G(%,,0)1+9(—%, 0)T, (34) 
where 
(y; 
0 


r(f 


a : : —— 
: a 1 exp (Fmt vi 10 ,(X +) t)} 


»>4m 


fo) oe) 

exp {7¢X + (—p+ix) Ct} al exp {ifz+(-—q+in) Ptt}dP. (35) 
—= Gp or 
and I is the conjugate of J. 

The exponential factor and the integrals in (35) provide the most interesting 
features of this result, and we may conveniently explain the other features and 
dismiss them here before performing the integrations. Two of the properties 
demonstrated might have been expected from the start. First, it is seen that 
whatever the initial distribution of wave components in the (a, /)-plane, the 
disturbance depends asymptotically only on the densities of the distribution at 
the points (+a,,, 0), i.e. on the measure of the optimum two-dimensional waves 
in a Fourier analysis of the initial disturbance. Secondly, the y-distribution of 
the developing disturbance is shown to become asymptotically the same as that 
of the optimum wave. Both these properties have been established by the simp- 
lest detail of Laplace’s general method, namely that some factors in the integrand 
which are independent of the large parameter ¢ can be evaluated at the maxima 
of the real exponent ot; the principle is, of course, that the («, )-variations of 
these factors are insignificant in comparison with variations of the real exponen- 
tial. That the 3 factors can be so treated, whereas variations in the 2- and z- 
dependent factors must be allowed for, derives from the nature of the function @, 
or more specifically from the boundary conditions which it must satisfy. For 
whereas the ultimate range of an unstable disturbance has no prescribed limit 
in x or z, which accords with x and y entering the integrand in harmonic functions, 
the range of variation in y is essentially limited. Even for a boundary layer where 
v is required to vanish on only one plane, the condition that ¢ remain bounded for 
y > 0 requires that = e~” outside the layer (see, for instance, Schlichting 
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1955, p. 320). Thus changes in y-structure cannot continue indefinitely, such as 
can on the other hand in the ‘opening out’ of a wave train; and it is easy to see 
physically that the y-structure ‘fixes’ when the wave components near the opti- 
mum become predominant [e.g.v ~ e~*n¥ x (function of z, z, t) outside a boundary 
layer]. 

Evaluation of the integrals in (35) is straightforward. Leaving aside the 
features explained in the last paragraph, and also dropping a numerical factor 
which is immaterial here, we can state the general result as follows. On any plane 
inside the flow and parallel to the boundaries, the distribution of the disturbance 
is given asymptotically by some linear combination of the real and imaginary 
parts of 





EXP{T nt + 1m (X + Vt)} exp| — (°2") X2 ES () al : (36) 
t dt a ag 
eS. xin l (37) 


where A+iB “i gett 

The point needing emphasis here is that a result of this form is applicable to 
every problem of the general class in question. Special attention has been paid 
to Poiseuille flow and boundary layers because of their importance and also to 
give an example of how the coefficients in (36) may be evaluated; but it is implied 
that this set of coefficients is a definite attribute of every physical system which 
can be unstable in the general manner under consideration. (For a film of liquid 
flowing under gravity, we recall from §2 that p = a, q= 6, k = 0, w = 0; also 
V = 0so that X = z’.) 

The following is a list of the properties expressed by this result and stands as a 
generalization of the set of properties noted below (15) in §2: 

(1) The over-all amplitude of the disturbance increases as t-! emt. 

(2) The disturbance is centred at the origin of (X,z) since the factor 
exp {—(AX?+Cz?)/4t} describes a ‘Gaussian’ distribution of amplitude along 
any radius from the origin. The disturbance is therefore effectively confined with- 
in an expanding elliptical region outlined by 


(AX?+ Cz*)/4t = const., say about 3. 


The axes of the ellipse both increase as ¢?, and consequently its area increases 
linearly with ¢. 

(There is apparently no general conclusion to be drawn as regards the relative 
magnitudes of A and C and hence the eccentricity of the ellipse. We recall from 
§2 that when a film is made marginally unstable, then C/A = a/b ~ 0 and so the 
ellipse is greatly elongated in the z-direction; but this feature is peculiar to the 
problem and does not arise in general.) 

(3) Sincex = U,,tat X = 0, the disturbance is carried downstream at the group 
velocity U,, associated with the two-dimensional wave of maximum amplification. 

(4) The (X,z)-distribution of the disturbance is modulated by this wave 
travelling at velocity — V relative to X; i.e. the wave travels downstream at its 
phase velocity (c,),, = U,,—V, but is cancelled everywhere except in the ellip- 
tical patch which advances through the wave train at relative velocity V. 
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(5) Another effect of dispersion due to variable c, is represented by the factor 
exp{ —1(BX? + Dz*)/4t}. The disturbance is thus modulated by undulations whose 
spacing rapidly decreases with distance from the centre; however, they will only 
appear as a prominent feature of the disturbance if B and D are considerably 
greater than A and C respectively. For these undulations the contours of constant 
phase are ellipses whose areas increase linearly with time, and the pattern formed 
by superposition of them upon the Gaussian distribution considered in (2) above 
is similar at all times. 

Finally, the points labelled (6) and (c) at the end of §2 may be recognized to 
apply generally to the foregoing results. The matter (c) regarding limitations on 
the theory due to non-linear effects particularly deserves re-emphasis, since these 
limitations are liable to be more severe for other problems than for the one 
investigated in §2. For instance, disturbances in unstable boundary layers are 
known to develop dependence on non-linear interactions very readily unless 
under conditions where their initial magnitude is unusually small, and the extent 
to which the properties described here may be actually manifested remains in 
doubt in the absence of any direct evidence. Nevertheless, the reasons given in 
§1 seem definitely to suggest that present ideas may often be relevant to a certain 
incipient phase of instability, in plane Poiseuille flow and boundary layers as 
well as the incontestable example demonstrated in §§2 and 3, and these ideas 
may generally provide a rather more realistic account of events in this phase than 
the basic two-dimensional form of stability theory. 
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Hydrodynamic stability and the inviscid limit 


By K. M. CASE 


Department of Physics, The University of Michigan, Ann Arbor, Michigan 
(Received 16 December 1959 and in revised form 31 October 1960) 
It is shown that for appropriately posed problems, the solutions of the linearized 


Navier-Stokes equations approach those of the linearized Euler equations as 
the viscosity tends to zero. 





1. Introduction 


The conventional approach to hydrodynamic stability problems considers 
the Navier-Stokes equations linearized around some basic stationary flow. 
Since the viscosity is usually quite small it seems reasonable, as a first approxima- 
tion, to put it equal to zero at the outset. However, the relation of stability 
results so obtained to those using the full Navier-Stokes equations has been 
rather obscure. The difficulty arises for various mathematical reasons. 

(1) It is commonly stated (to quote, for instance, Lin 1955, p. 126) ‘.. .that 
there are certain damped solutions in a viscous fluid which, in the limit of vanishing 
viscosity, do not reduce to solutions of the inviscid equation throughout the 
whole region of the flow.’ 

(2) The solutions of the Orr-Sommerfeld equation are quite complicated. In 
particular it is hard to find asymptotic solutions for small viscosity which are 
accurate throughout the entire physical region. 

(3) The inviscid problem is frequently formulated so that the normal modes 
obtained are not mathematically complete. (It is readily shown that the Orr- 
Sommerfeld normal modes are complete.) This renders it difficult to see how the 
inviscid normal modes can be used to solve the appropriate initial-value problem. 

Recently (Case 1960) it has been pointed out that there are solutions of the 
linearized Euler equations of stability theory which are, on occasion, overlooked. 
This suggests that, under certain conditions which it should be possible to state 
clearly, results of stability calculations starting from the Navier-Stokes equa- 
tions should pass in the limit of vanishing kinematic viscosity, i.e. v > 0, into 
the results calculated starting from the Euler equations. 

There are several physical arguments which point in this direction. First, it 
may be noted that in quantum mechanics a rather parallel situation exists. In 
passing from the Navier-Stokes to the Euler equations the terms of highest order 
in the derivatives are dropped. Similarly, to pass over to the classical mechanics 
limit from the Schroedinger equation one must drop the terms of highest order in 
the derivatives. We do not doubt, though, that in classical mechanics we have a 
consistent and accurate description of a large, well-defined class of phenomena. 
A second argument is more important. The Euler equations are readily obtained 
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as a rough approximation from the equations of statistical mechanics. A better 
approximation gives the Navier-Stokes equations. These in turn are not exact. 
Indeed, it is possible to derive an improved approximation, which consists of a 
set of equations which reduce to the Navier-Stokes equations only on omitting 
certain terms. The essential point is that the omitted terms are those of highest 
order in the derivatives. Thus, if passing from the Navier-Stokes to the Euler 
equations completely changes the character of the theory, it would seem that 
passing from the higher-order equations to the Navier-Stokes equations would 
do the same. If so, hydrodynamics would be no description of nature at all. 

We hope that the main point is clear. It is not that the Euler equations 
describe as wide a class of phenomena as do the Navier-Stokes equations. 
(Classical mechanics does not describe as much as does quantum mechanics.) 
Rather it will be shown that for appropriately posed and restricted problems the 
Kuler equations lead to the same results as do the Navier-Stokes equations in 
the limit of zero viscosity. 

Here an approach is followed which leads to the above mentioned ‘omitted’ 
solutions. The initial-value problem will be solved with the Laplace transform 
technique. The advantage is that we gain the additional freedom of an appro- 
priate choice of the inversion contour in the complex plane. In particular it is 
possible always to stay in regions where it is simple to construct asymptotic 
(with respect to v) solutions of the relevant differential equations. It will be 
shown that passing to the limit of zero viscosity in the solution of the initial- 
value problem corresponding to the Navier-Stokes equations yields almost exactly 
the solution of the initial-value problem which follows from the Euler equations. 
The limitations are that the initial perturbations are the same and are smooth in 
the sense of physically realizable perturbations. The method of proof also suggests 
a systematic expansion in terms of inverse powers of the square root of the Rey- 
nolds number. However, this possibility is not explored here. 


2. Statement of the theorem 

For simplicity attention is restricted to two-dimensional parallel flows of a 
homogeneous, incompressible fluid. The flow is between parallel plates at y = 0 
and y = y,. In the unperturbed state the flow is described by a component 
u(y) in the x-direction (parallel to the plates) and a y-component v, = 0. We 
linearize the Navier-Stokes equations around this basic flow and take a Fourier 
transform with respect to 2 and a Laplace transform with respect to time ¢. If 


oo {" 4 

CA) = ~—— e-tktdy| ey, (x, y, t) dt, (1) 
' Xl) | 0 liad 

where v, is the perturbed velocity component in the y-direction, then the resulting 

equations can be simplified to 


2 “4 9 ” 
’ a) Ye =—Vy,0), (2) 


abe -1:) V,, — (p + tkug) V,, + r( = on 





dy? dy ptikuy 
, - « ikug \ , ; 
with Vi(y) = a p+ iki! VpilY)s (3) 
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d2 
and V(y.0) =(Fa-#) uly. 0) (4) 
These equations are to be solved subject to the boundary conditions 


pe = 9 = Up = TB (5) 
at y = 0, yj. 

In the inviscid limit we start with the Euler equations. The same sequence of 
approximations and transformations again lead to equation (2)—but with 
v = 0. This equation is then to be solved with only the boundary conditions 


vp =O at y=0,y. (5’) 
(Here and below the convention is adopted that functions labelled with a super- 
script inv describe solutions of the initial-value problem based on the Euler 
equations.) 

Our essential point is the following theorem: 

(a) wie ply) = MR OS YS, (6) 
Up O<y< oF 
0 y = 0,y,. 

In view of the introductory remarks this result is hardly surprising. The dis- 
continuous behaviour of w,, at the boundaries is also to be expected. In virtue 
of equation (5) we have wu, = 0 at the boundaries for all v. This should also be 
true in the limit. (The discontinuity is only the mathematical description of an 
infinitesimal boundary layer.) 


(6) lim w,(y) -| (7) 


v—>0 


3. Proof 


First note that a formal solution of equation (3) subject to v,, = Oat y = 0, y, 
is readily constructed. Let 4, , be two solutions of the homogeneous equation 





d? ikug 
a = 
lap" pra? ” 
subject to the conditions ,(0) = $,(y,) = 0. (9) 
nv 
Then epule) = [Gy 06) Velde) A, (10) 
Pi(Y¥<) Pal Ys) 
where Gy, ¥9) = SS  .- 1] 
(y Yo) W(d4, $s) ( ) 
(Here y_ and y,, denote the lesser and greater of y and y, respectively.) 
Also W (1, $2) = $19;—%29; = const. (independent of y). (12) 
Explicitly, 


1 y "ns 
Cald) = Hyg. gy (O20) |, #a(¥e) Mee dvo + #ilw)"dalved vodeve}, (13) 


and —yalu) = yp {P200)| “Prlve) Fluo dve + ic) {bale Vivvo}. (14) 
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For the inviscid case this provides a complete solution. Thus, with v = 0 
it follows from equation (2) that 
V(y, 0) 
Vine ogee Ne 
ow) p + ikuo(y) 
Insertion of this result in equations (13) and (14) yields the transforms of the per- 
turbed flow velocities. 
To prove the theorem, consider the solution V,, of equation (2) for very small, 
but finite, v. Clearly, it is sufficient} to determine V,, from 


(15) 


a , : . : 

lars ik Rn(y)| y= — RV (y, 0), (16) 

where R = jp, (17) 
a 

and MY) = Uoly) — 7 P- (18) 


As usual in applying the Laplace transform method the transform variable p 
is chosen to have a positive real part. This has the result that 7(y) in (16) never 
vanishes. 

To solve equation (16) we consider the homogeneous equation 


a 
i ~ikRn(y)| A=0. (19) 


The asymptotic forms of the solutions of this equation are readily obtained 
by the W.K.B. approximation. There are two solutions A, , which can be chosen 
so that for large R (small v) 


Ay aly) ~ exp| 7 (kR)S i “iny') ay'|. (20) 


1 
24 (kR)*[in(y)}4 
Since 7(y) does not vanish, these representations hold for 0< y < y,. (There is 
no Stokes phenomenon.) In equation (20) the multiplicative constants have been 


chosen so that W(A,, Ag) = 1. (21) 
The following fact is important. Let 

arg 9(y) = vy). (22) 

Since Re(p) > 0, we have —-nm<w<0. (23) 
We define the square root in equation (20) so that 

Lin(y)'}t = |n(y’)|* {cos 4 + ¢ sin 6}, (24) 

where 6 = 4+ 4n. (25) 

Then —4n <6 < }n. (26) 

Therefore, cos Ay’) > 0 (27) 


for all y’. From this it follows that, for fixed k and large R, A, and A, are, respec- 
tively, rapidly decreasing and increasing functions of y. 


t This assumes v,, is finite and well behaved in the limit v > 0. That this is indeed 
so is readily verified in the final result. 
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One solution of equation (16) is 
ns 
V9) =~ R| “nyo t6) Py 0) Ay (28) 
) 
with (Yor Yo) = — Anlys.) Malye). (29) 


A general solution is obtained by adding a linear combination of independent 
solutions of the homogeneous equation [equation (19)]. Thus, 


V(Yo) os Vx(Yo) + Ey Ay(Yo) + Ly Ao(Yo)- (30) 


Here £, and E, are constants which can be determined from the requirements that 
Un, = Oaty = 0, y. 
From equation (14) we find that these conditions are that 


"i 
| 1,2V,dy = 0. (31) 

0 
ae vi oa _ CJ,—DI, ” 
Solving for E, . gives £,= hake’ (32) 


— [J,—I,J,’ 


where (5) =— i (‘") Vi dy, (34) 
nn 
Tie -{' Po A, ody, (35) 


Ww 
and Ji,2 -| Ay ody. (36) 
0 


In order to estimate V and £, , in the limit of large R it is useful to invoke 
the following lemmas. 

Let F(y) be a continuous function (independent of R) with bounded first 
derivative. Let 0 <a < f < y,. Then 





(1) [[Avray = spe lex| - cm cinta zie) +oR-))}, (37) 


2(LR)E | [in(a)]}? 
(2) | "A,Pay = aT {exp| (en! i “on iy'| Fea. +0(R-4)]}. (38) 


The proof of these lemmas is based on the rapidly decreasing and increasing 
properties of A, and A, noted above. It uses standard techniques of asymptotic 
estimation and hence is relegated to the Appendix. 

Insertion of these results into (28) yields 
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Comparing with equation (15), we see that 


lim VOY) = Vin’ (Yo). (40) 


R->o 


The evaluation of H,, is similar. The results are 


{— | e.tgray| 
Pe a |, ee ? (Yr Ft.. sa y 4 ba 
and By A,(y) a) {carey St xp| - (ie [in] dy 


Since the real part of [i7(y’)]} is always positive, we see that 


| 
-~_ao_ 
rs 
bo 
ae 


. 


O y+Q0, 
lim £,A,(y) = " ; (43) 
R>« co y=0, 
0 YY, 
and lim £,A,(y) = sili (44) 
R->«o CO Y= yY;\. 


In order to see the nature of the singularity in these limit functions we consider 
the integral of their product with a smoothly varying function F(y). As in the 
proof of the lemmas (Appendix A) one finds that 


~ (lf, ds pdy 
lim | Fy) £,A,(y)dy = — } (9), (45) 
R-oJ/0 (0 
" (i d; ty 
and lim i F(y) LE, A,(y)dy = —\= - F(y;,). (46) 
R-awJ0 d(Y1) 


These results can be stated concisely in the form 


AR 2 Vin dy 
lim E,A,(y) =—-\° - | 26(y) (47) 


R—->o po( (0) 
| } Sc 
and lim #,A,(y) = —\ ———_—_——__ ] 20(y, — y). (48) 
Paice 2A.(y) b(n) (¥i-Y) 


(Here the delta function is interpreted so that 


“By)dy = 3.) (49) 
v7 0 
Thus, we have found that 


rus cs 
at dV; Vine i) (J. dy; itl 
* — inv 9 = Oy, — : 5 
hn, Wo) ’» $3(0) 28(y0) P1(Y1) Mya He)- (00) 
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If this form is inserted into equations (13) and (14), the theorem follows. [The 
difference in behaviour between v,, and u,, at the boundary points occurs 
because ¢,(0) = 0 = $,(y,) which is not true of ¢;(0) and $3(y,).] 


4. Conclusion 


In the previous section an identity between the Laplace transform of the 
inviscid solution and the limit for small viscosity of the transform of the viscous 
solution was demonstrated. We would like to conclude from this that the solu- 
tions of the initial-value problem coincide in the limit. To do this we must show 
that the limiting process and the Laplace inversion integration can be inter- 
changed. It is readily seen that the only difficulty that could occur is that the 
region of integration over p is infinite. However, for large p we may neglect the 
terms involving u(y) in the basic equations (i.e. for large p we can regard the 
unperturbed flow as quiescent). Thus, to conclude that the solutions of the initial- 
value problems are identical it is sufficient to show this for the problem with 
u(y) = 0. This is done in Appendix B. (The results there also show the form of 
the functions for finite viscosity which pass over into the singular functions de- 
scribed above.) 

The conclusion is then the following. Consider a given initial perturbation. 
The flow at a fixed time later is, except for the singular behaviour of the tangential 
velocity at the boundaries, exactly the same whether computed with the Euler 
equations or with the Navier-Stokes equations and passage to the limit of 
zero viscosity. 

The restriction to a fixed (finite) value of the time is important. We cannot 
justify interchange of the limits vy > 0 and t - oo. Thus, in the example in Appen- 
dix B, it is seen that 


limu,,v,;= 0 (all finite v), (51) 
t—>0co 
but lim w,'"”, yinv + 0, (52) 
t—>o 
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Appendix A: proof of the lemmas 

Since the proofs are quite similar we restrict ourselves to sketching a proof 
for the first lemma. 

It is desired to show that if F(y) is a slowly varying function then, for large R, 
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K= | Aly) Fy) dy 
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For large R we use the asymptotic representation, equation (20), for A,. Then 
> 1 4 F(y) i rs 
K ~ exp] —(kR)*| (in)tdy’ | dy. A2 
sicemyt | janet? |~ R) | Cenkay | ay (A2) 
Insert the identity 





y , 1 1 d | * , 
exp| — GR) “Gintay’| = - Gea cman P| — PH ena], (A) 


and integrate by parts. Since the exponential factor vanishes rapidly with in- 
creasing y it is clear that the main contribution is that due to the part evaluated 
at the lower limit. If F(y) is subject to the appropriate restrictions, we see by 
repeating the process in the remaining integral that the corrections are of the 
indicated order of magnitude. In this way the result, equation (A 1), is found for K. 


Appendix B 
It is necessary, as indicated in §4, to show the identity of the solutions of the 
initial-value problem for the special case u,(y) = 0. To keep the algebra simple 


we consider y, = 00 and Vly, 0) =8ly—y}). (B1) 
Thus, for finite viscosity, we are to solve the equations 
d2 
ro age fm — 
d? , 
and (a3-*) V,,— PV, = —8(y—Yy). (B3) 
subject to the boundary conditions 
tye = O= ty = Eset at y= 0,0. (B 4) 
For the inviscid problem equations (B 2) and (B 3) with v = 0 are to be solved 
using only the condition vine =0 at y=0,0. (B5) 
The solution of equation (B 2) which satisfies equation (B 5) is, in either case, 
UplY) = | Oy, Yo) V(Yo) dyo: (B6) 
where (assuming k > 0) 
Gy, Yo) = - : e—*v> sinh ky. (B7) 


In the inviscid case we find from equation (B 3) that 
inv oy i Yo ) 
V3" = — (B8) 
Therefore very) = Gly, yo)/p- (B9) 
Since the inverse Laplace transform of 1/p is 1 for all t > 0 we see that 


vjirr(y,t) = Gy,yo) for t> 0. (B 10) 
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For finite v the general solution of equation (B 3) subject to the condition of 


vanishing at infinity is Ve (Yo) = Vi(yo) + £1 Aq(Yo)s 


where Vy(Yo) = — Ru(Yos Yo): 
(Yo, Yo) = —Ax(ys) As(¥<), 
oF yy 
and A, .= me ; 
(27)? 
with y = BB(p+k/R)3. 
The constant HL, is determined by the requirement 
Wyk 
—- = ( € Y= 0. 
By ) aty 


This gives 


| | “VM e-tudy 
Ey Ay(Yo) = 4 —* ie as i. 
P Fraeway 


0 
—ky _ @-7% 
=— R e—kYoe—YYo 4. & e-VYotYo) — Revo le : er ; 
2y 7-8 


The inverse Laplace transformation then gives 
valust) = | “O(a. ys) (Pot) + (ExAa) Yo} dt 


with Vy, t) es VO (y,) e dp, 
Yo Omi)? Yo 


Cc 


/ 1 
(£1 Ay) (Yo. #) = mil E, A,e?'dp. 


(B11) 
(B 12) 
(B13) 


(B 14) 


(B 15) 


(B 16) 


(B17) 


(B 18) 


(B19) 


Here C is a contour parallel to the imaginary axis and to the right of all singulari- 
ties of the integrand. After some straightforward manipulation these become 


VO(Yo,t) = A(Yo—Y; #), 
(£,A,) (Yo, t) = — Ze“*voA(yo, t) + A(Yo + Yo; t) + P'(Yo, £), 








-KYR po 
where A(y, t) = : {exp[isy — s?t/R]} ds, 
2 elescs 
ik [2 e%sv[e-kue — etsue] e-UR dg 
and ry,t) = — -— : =. 
an (y, t) = a 5 


Passing to the limit in the integral expression for A clearly gives 


lim A(y,t) = d(y). 
R->ow 


We can, of course, evaluate A(y, t) for all finite v also. This gives 


fo—v2R/Aat 
ney te} 


(4nt/R) * 


Ay, t) = e 


(B 20) 
(B21) 


(B 25) 
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Except for the first factor this is just the familiar heat pole solution. It vanishes 
as R -> oo for all fixed y + 0 and is such that the integral over all y is e~*’”. (This 
serves again to justify equation (B24).) Inserting the expression for V in 
terms of A into equation (B 17) shows that for small, but finite viscosity, the first 
term is just the inviscid result averaged with respect to y;, over a distance which is 
of order (4t/R)}. 

Since the function I is non-singular when R -> 00, it suffices to pass to the limit 
under the integration sign. Thus 


ike. {e-kue = etsuo} 
ae eae 3 26 
an Fay) =| re ds (B 26) 





Closing the contour with a large circle in the upper half plane yields then 


lim T'(y,t) = 0. (B 27) 


R->« 


Combining these results shows that 


lim {V (yo, t) + (EA) (Yo: t)} = 8(Yo — yo) — 2e-*¥*9 (yo). (B28) 


R->o 
Using this result in (B 17) then gives 


lim v,(y,t) = vi"(y, t) 0<y¥<@, (B 29) 


R->o 


io t) O<y< | (B30) 


Op 
lim u,(y,t) = —-— (y,t) = 
i(y; t) - (y, t) 0 y= 0. 
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Some mathematical problems in the theory of the 
stability of parallel flows 


By C. C. LIN 


Department of Mathematics, Massachusetts Institute of ‘Technology 
(Received 17 February 1960 and in revised form 6 January 1961) 


By applying the method of initial values to the theory of stability of shear flows, 
Case has recently found certain results which are in apparent conflict with those 
obtained by the theory of normal modes. It is shown how these differences may 
be reconciled. Some new features in the theory of normal modes are also brought 
out. The relative merits of the two theories are compared. 





1. Introduction 

The usual theory of hydrodynamical stability is based on a study of the normal 
modes. There has been frequent controversy over this theory, because the 
behaviour of these normal modes are indeed very complicated at very large 
Reynolds numbers. For example, this writer (Lin 1955) has shown, from purely 
mathematical analysis, that ‘...there are certain damped solutions in a viscous 
fluid which, in the limit of vanishing viscosity, do not reduce to solutions of the 
inviscid equation throughout the whole region of the flow.’ To those familiar 
with the theory of turbulence, such a behaviour is not at all surprising. Indeed, 
it is welcome as a concrete example of one of the fundamental characteristics of 
turbulent flow—i.e. that the flow field has an intermittent spotty structure. How- 
ever, it is clear that the mathematical analysis leading to such a conclusion must 
be very complicated. In trying to clarify this situation as much as possible (and 
for other reasons), several attempts have been made to develop the theory of 
uniformly valid asymptotic solutions (see Langer 1940). Indeed, the old conclu- 
sions are found to be justified. 

Recently, Case (1960, 1961) investigated the stability of parallel flows with 
respect to infinitesimal disturbances by considering the initial value problem. 
It is, of course, to be expected that there should be complete equivalence (ef. § 2) 
between this approach and the theory based on normal modes. Yet Case found 
that there were apparent inconsistencies, especially in connexion with the above- 
mentioned problem of the asymptotic limit as the Reynolds number becomes 
infinite. These apparent discrepancies disappear upon closer inspection. How- 
ever, since they concern the fundamentals of the theories of stability and turbu- 
lence, and the problem is of general interest in the theory of singular perturba- 
tions of boundary-value problems of partial differential equations, it seems worth 
while to discuss the relationship between the two approaches in some detail so 
as to gain a deeper understanding of the issues. This is the purpose of the present 
note. The relative merits of the two approaches will be discussed in the concluding 
section of this paper. 
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It might be noted in passing, since the issue has been raised by Case (1961), 
that there is as yet no experimental evidence to suggest that the Navier-Stokes 
equations are inadequate to describe the phenomena of turbulent motion under 
ordinary conditions. For rarefied gases, the molecular structure should be con- 
sidered once the Kolmogoroff scale of turbulence becomes comparable with the 
scales of molecular phenomena, e.g. the mean free path. 


2. Some fundamental issues 


We shall first formulate some of the fundamental questions that may be raised 
about the normal-mode theory of hydrodynamic stability, as a result of the con- 
clusions reached by Case from the initial value theory. We consider the stability 
of a parallel flow}, for example, the pressure flow in a channel between parallel 
plates placed at y = +1. The flow is in the x-direction with a velocity distribu- 
tion U(y) = 1—y? (or some other parabolic function). The equation for small 
disturbances is 








BtUStw = vat’, (2.1) 
where €’ is the disturbance vorticity, related to the disturbance stream function 
p'(x, y,t) by - aay’ A a2’ -— (2.2) 

> 0a "Oy? ; = 
and the velocity components are given by 
u' = a v= _*. (2.3) 


The constant v is the kinematic viscosity coefficient, or the inverse of the Rey- 
nolds number RF in the present dimensionless formulation. The boundary con- 


ditions are u'=v'=0 at y= + ie (2.4) 


The solution of (2.1) can be treated either in terms of the theory of normal 
modes or by the initial value approach. In the first approach, we superpose 
particular solutions of the form 

y'(x,y,t) = Refdp(y) et}, (2.5) 
where ¢(y) satisfies the familiar Orr-Sommerfeld equation 
P¥ — 2a*h" + atd = i(a/v) [((U —c) (p” — ah) —- U9], (2.6) 
which is to be solved with the boundary conditions 
$(+1) = $(+1)=0. (2.7) 

In the initial value approach used by Case, we consider the Laplace transform 

of y'(x, y, t) with respect to ¢ and its Fourier transform with respect to x (« real, 


Re(p) > 0): o 
(wien p) = [| Wry. the erdre-mat (2.8) 


+ Since Case did not formulate his theory in terms of the stream function, we develop 
below such a formulation in some detail to facilitate comparison with the normal-mode 
theory. 
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After solving for y'(y;«, p) in terms of the initial conditions and the boundary 
conditions, we calculate y’(x, y,t) by the inverse transform 


y'(x,y,t) = [[¥u. a, p) ete dx e?' dp, (2.9) 


where the integration with respect to p is taken along the line Re(p) = py > 0 
in the direction of increasing Im(p). The normal mode representation is obtained 
by evaluating the p-integral at the singularities of yy’ in the p-plane by the 
theory of residues. 

Apparent differences arise when one considers the inviscid problem, which 
is obtained by formally putting v = 0 in the above formulation and dropping the 
boundary condition wu’ = 0 in (2.4). For this case, Case has shown, by the con- 
sideration of the initial value problem, that normal modes associated with certain 
continuous spectra} of eigenvalues must be included. The eigenfunctions found 
are continuous functions with discontinuous first derivatives. 

Case has further shown that for a set of initial conditions independent of the 
Reynolds’ number, the solution of the viscous problem, in the limit v > 0, ap- 
proaches the solution of the inviscid problem except for a boundary-layer correc- 
tion near the walls. . 

It might be tempting to suggest, as was done at one time, that the above 
conclusions combined would contradict the existence of the type of solutions 
described by this writer, as quoted in §1. However, since the type of solutions 
considered, being of the type Re{d(y, v) e**—?}, is dependent on v at all times, it is 
clear that they fall outside the scope of Case’s theorem, because of his restriction 
on the initial conditions. There is therefore no contradiction. (In this connexion, 
it should be emphasized that the existence of the type of solution under discus- 
sion was established on mathematical grounds and supplemented by physical 
arguments—not the reverse.) 

However, other questions may be raised about the theory of norma] modes. 
For example, since the inviscid problem has normal modes associated with 
a continuous spectrum, and the solution of the viscous problem in general 
approaches the inviscid solutions as v0, one may naturally pose the 
following question: 

(1) are there continuous spectra of eigenvalues for the Orr-Sommerfeld 
equation ? 

We shall show in §4 that the answer is negative. This answer leads to the next 
question: 

(2) what is the viscous solution that corresponds to an inviscid normal mode, 
especially the one associated with the continuous spectrum ? 

We may also pose this question in terms of an initial value problem. Suppose we 
start with a set of initial conditions corresponding to an inviscid normal mode 
Wri(a, y,t) = Re{do(y) e'**-}, i.e. suppose we require 


Wy’ (x,y, 9) = o,(y) cos ax — Bo,(y) sin aa, 


7+ The importance of studying the continuous spectra was pointed out earlier by 
Friedrichs (1941), but he did not give any detailed analysis. 
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and we consider the solution of (2.1) both in the inviscid case and in the viscous 
case. In the inviscid case, we naturally get the solution y;(x, y,t) back. In the 
viscous case, the solution should also be close to y;(z, y,t), according to Case. 
If there exists a normal mode 


Pr(x, yt) = Refpy(y, v) ei} 

that approaches the normal mode y;(x,y,t), the natural answer to the initial 
value problem is then y'(x,y,t) = W\(x,y,t)+small correction terms. But 
suppose such a normal mode does not exist,+ what is the nature of the solution ? 
The logical conjecture is also at hand; namely, the solutions should be represented 
as an infinite sum of normal modes (as any solution can be so represented), 
the sum being not dominated by a single mode. But is this logical answer also 
plausible? 

In the following section, we shall show that this answer is indeed plausible 
by considering some simple examples where the solutions are explicitly known. 
These examples will also show the various ways in which the eigenfunctions of 
the viscous problem can behave in the limit of vanishing viscosity. In particular, 
we shall see that the limiting eigenfunctions may still form a discrete set while 
the inviscid problem has a continuous set of eigenfunctions. It is also possible 
for the inviscid problem to have eigenfunctions, while the limit of every viscous 
eigenfunction does not exist. 


3. Examples of singular perturbation 


In this section we shall examine the limiting behaviour of the solution of 
certain well-known parabolic equations as the ‘diffusion coefficient’ approaches 
zero. These properties are essentially well known; here they are presented in such 
a manner as to bring out the points of greatest interest to the issues at hand. 


Example I. Consider the diffusion equation (which is applicable to the un- 
steady parallel flow between two parallel plates) 


ou Ou 
ee ae 3.1 
— Cy? sa 
with the boundary conditions u(0) = u(1) = 0. The ‘inviscid’ problem is simply 
OU ; 
7-4 2 
a oe 


with no boundary conditions required. The normal modes (solutions obtained by 
the method of separation of variables) in the viscous case are 


u,(y,t, v) = sin nye? (3.3) 


where n must take on the discrete set of values 1, 2,3, .... For the inviscid equa- 
tion (3.2), any continuous function f(y) is a normal mode. 

t This occurs not only in the case of continuous spectra of eigenvalues but also in the 
case when the inviscid problem has an unstable mode. The complex conjugate operation 
yields a damped inviscid solution 

P(x, y, t) = Re {A¥(y) e#@-°9)} 
which has no counterpart among the normal modes of this viscous problem. 
28 Fluid Mech. 10 
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In the limit v + 0, the normal modes (3.3) become 
un(y,t,0) =sinnay (n= 1,2,3,...). (3-4) 


This is but one discrete set of normal modes of the continuous set f(y) of the 
normal modes of (3.2). T'hus, the existence of a continuous set of eigenvalues and 
eigenfunctions in the inviscid case does not necessarily imply the existence of a 
corresponding set in the viscous case, even in the inviscid limit. 

Consider now the initial value problem, with 


u(y, 0) = Fly). (3.5) 
Clearly, the inviscid solution is simply 
Ugly, t) = Fy). (3.6) 
The viscous solution is in general given by the series 
u(y, t) = .? A,, sin nay e—"*7™t, (3.7) 
n=1 
— sig . 
where A, is given by A, = = | F(y) sin nmy dy. (3.8) 
: 0 


Clearly, as v > 0, the viscous solution (3.7) approaches the inviscid solution (3.6) 
for all finite ¢. This is the gist of the theorem proved by Case for the hydrody- 
namical problem. On the other hand, if the initial condition (3.5) should contain 
v, e.g. if the condition were u(y, 0) = sin (y/v), such a correspondence would not 
exist. 

We note in passing that the limiting processes v > 0 and ¢ > o are not inter- 
changeable for the solution (3.7), exactly as Case (1961) noted in his treatment of 
the hydrodynamical problem. 

The solution (3.7) shows clearly that ali the normal modes are in general excited 
in an initial value problem in the viscous case, even though the solution in the 
inviscid case is just a single mode. [The initial condition u(y, 0) = d(y—y,) yields 
the set of coefficients A,, = sinn7y,, which remain finite even as n > oo. In this 
case, a clear description of the solution for small ¢ is the spread of a singularity, 
and not conveniently given by the method of normal modes. Our understanding 
can also be improved by examining the limiting process v > 0 in the Laplace 
integral representation of the solution (see Appendix).] 

Exceptional cases occur when the initial conditions correspond to the inviscid 
limit of a single viscous normal mode, sin nzy (or a finite sum of such terms). 
In this case, only that particular mode is excited. This example thus gives 
plausibility to the answers given at the end of the last section. 

We note that the inviscid limit of the viscous normal modes happens to form 
a complete set of enviscid normal modes. In the next example, we shall see that 
all the viscous normal modes do not even have inviscid limits. 


Example II. Consider now the equation 


Ou ou = you 
ct Cy? 


(3.9) 
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The normal modes are 


Un(y) = Wy(y) EP", (3.10) 
with Ww, = eV gin nay, 
k2 
= gy nen. (3.11) 


The inviscid problem has the normal modes 
U = etV e—kat, (3.12) 


For the initial condition e*”, the viscous problem has a solution of the form 


«oo 
u(y, t,v) = 1 A,(r) Waly, v) ern”, 
1 
where the dependence of A,,, w,, and p,, on v is specifically noted. It is obviously 
a complicated problem if one tries to calculate the limit of u(y,t,v) as v > 0 
from the above series, since each individual eigenfunction w,,(y, v) does not have a 
limit as v > 0. 


4. Continuous and discrete characteristic values 


The examples examined in the last section serve to illustrate the type of 
behaviour that may occur in the asymptotic limit of the solution of a partial 
differential equation of the second order. Since the hydrodynamical problem 
involves an equation of the fourth order, it is not surprising that the behaviour 
of the solution could be even more complicated. (See §5 for the description of 
some important normal modes.) With this general background, let us return to 
the characteristic value problem (2.6), (2.7), and consider the question of a 
continuous spectrum of characteristic values. 

Since the equation (2.6) is regular in the independent variable y as well as in 
the parameters R, a, c, there exists a fundamental system of four solutions which 
are analytic in y and the parameters R, «, c. Indeed they are entire functions. 
Furthermore since the boundary conditions (2.7) are to be satisfied for finite 
values of y, the secular equation for the determination of eigenvalues 


F(R, a,c) = 0 (4.1) 


is an entire function of the three parameters PR, «, c, regarded as complex 
variables. If now there were a continuous set of eigenvalues for c, with R, a 
given, the equation (4.1) must reduce to an identity, by the theory of analytic 
continuation. Thus, the eigenvalues of the problem defined by (2.6) and (2.7) must 
all be discrete. 

The above is merely an elementary proof, for our special case, of a general 
theorem for regular operators. The conclusion is thus obvious once it is pointed 
out. 

Continuous spectra are expected for the inviscid equation, 


(U —c) ($9 — x79) — U" hq = 9, (4.2) 
(at least for the case U"” = 2 + 0), with the boundary conditions 
$o( £1) = 0, (4.3) 
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because the operator is now singular. Let us try to see this fact more directly in 
terms of the solutions of equation (4.2). This equation is well known to have solu- 
tions of the forms dy) = (y—y,) [1+ ---] (4.4) 


yu" 


and p(y) = 1+...+ ms $x(y) log (y —y). (4.5) 
c 


where 1+ ... denotes a regular power series in (y—y,), and U(y,) =c. In the 
case of real eigenvalues c, the real and imaginary parts of ¢,(y) are separately solu- 
tions of (4.2). The real part is the continuous function 


Poly) = 1+...+ ia $1(y) log |y—y,|. (4.6) 


and the imaginary part is another continuous function 
Paily) = 9, Y > Yei | 


dip 4.7 
Poil(¥) = —-7 77 PLY) YS Ye- — 
ge 


We have thus three linearly independent solutions (4.4), (4.6) and (4.7) by per- 
mitting the solutions to have discontinuous or singular derivatives. With three 
linearly independent solutions for (4.2) and two boundary conditions (4.3), it is 
obvious that the characteristic values have a continuous spectrum. 

However, if one regards the inviscid solution as the limit of the viscous solu- 
tion as y+ 0, only the linear combination ¢,,(y)+i¢,;(y) is a solution, not 
$o,(y) and 5,(y) separately. Continuous spectra are therefore not obtained. The 
point is that the inviscid limit does exist in a properly defined region, } and remains 
an analytic function of the complex variable y. (This region, however, does not 
necessarily include the complete physical region.) Thus, the solution for y > y,, 
when continued to the range y < y, must represent the same analytic function. 
The functions ¢,(y) and ¢;(y) do not satisfy this requirement. 


5. Concluding remarks 


Let us now summarize our conclusions and compare the relative merits of the 
methods of normal modes and initial values. 

(i) Mathematically speaking, it should first be borne in mind that the Laplace 
integral representation of the solution can be decomposed into an infinite series 
of normal modes by the method of residues, and that the two approaches are 
essentially equivalent (see (vi) below). 

(ii) Secondly, a great deal of apparent contradictions can be avoided if the 
following facts are kept in mind. A normal mode in the inviscid theory may not 
be the limit of a normal mode in the viscous theory. Conversely, a normal mode 
in the viscous theory may not have an inviscid limit. These conclusions are based 
on mathematical investigations of the solutions of the Orr-Sommerfeld equation. 
They are illustrated by simple examples in §3. The calculations in the Appendix 


y 
+ This region is defined by two of the three lines Re [ /{«(U—c)} dy = 0, chosen in such 
Ye 
a manner as to include the two end points of our boundary-value problem. See Lin 
(1955, figure 8-1, p. 130). 
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illustrate fully the lack of direct correspondence between the inviscid eigen- 
functions and the inviscid limit of the viscous ones. 

(iii) If we are dealing with disturbances where the viscous effects are restricted 
to a boundary-layer region of the order of («R)~ near the solid surface, the initial 
value approach leads to the familiar boundary-layer theory; i.e. the solution is 
composed of an inviscid solution plus a boundary-layer correction. In this 
method of description, the normal modes belonging to the continuous spectrum 
(or spectra), which occur in the inviscid case, must be used. This description is 
simpler than in terms of the normal modes in the viscous theory (which are 
discrete). The type of simplification is similar to that occurring with the examples 
of §3. 

(iv) However, there are important types of disturbances not of the type de- 
scribed above, In particular, the unstable disturbances responsible for the 
initiation of turbulence in the channel or the boundary layer are of a different type. 
These disturbances extend over a layer of the order of («R)-!, which is thicker 
than the layer in the previous case. For these disturbances, the viscous forces 
have a well-known destabilizing influence typical of the instability of shear flows. 

(v) There are also exponentially damped normal modes which have the inter- 
mittent spotty structure characteristic of turbulence. There are also normal 
modes which have no inviscid limit anywhere in the physical region. When, to 
attempt a description of the transition process, the non-linear theory is considered 
these normal modes are expected to play an important role. 

(vi) The initial value theory has not yet been developed to study the two types 
of disturbances just mentioned. It would be interesting to carry out these 
investigations to see whether different features can be revealed by the Laplace 
integral representation. In particular, it should be possible to bring out the de- 
stabilizing influence of the viscous forces mentioned in (iv). It would appear, 
from the fact that there are only a finite number of unstable modes, that the two 
methods would yield essentially the same results with regard to the unstable 
behaviour of the flow. On the other hand, it is likely that one would find only 
stable disturbances for the flow through a channel, if the viscous forces are re- 
stricted to boundary-layer regions which have a thickness of the order of («R)~4 
(cf. Lin & Rabenstein 1960). 


This work was done while the author was at the Institute for Advanced Study, 
Princeton, N.J. The author is grateful to Professor J. R. Oppenheimer for the 
hospitality extended to him during his stay. He wishes also to thank Professors 
F. J. Dyson and C. N. Yang for their interest and discussions. The partial support 
of the office of Naval Research is acknowledged. 


Appendix A 

To get a closer comparison with Case’s investigation (1961) of the hydrody- 
namical problem, let us explicitly use the method of the Laplace transformation 
(for the equation (3.1)). The solution is then given by 


1 =i 
uyst) = yr | al pdemdp, (A1) 
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where u(y, p) satisfies the differential equation 


du 1 

el es geen A? 
go PP =e, f= >. (A 2) 
and the contour C is the line Re(p) = yp > 0, taken in the direction of increasing 
Im(p). For the purposes in hand, we need only consider the simple case 
u(y, 0) = const. We then have 


c= aainkG {sinh qy + sinh q(1 — y) — sinh q}. (A3) 
We make two observations. 

(i) If we deform the contour C so as to evaluate the integral (A 1) in terms of 
the residues at the poles of (A 3), p = —vn?7?(n = 1, 2,...), we recover the series 
solution (3.7) in terms of the eigenfunctions. Notice that w does not have a 
singularity at p = 0. 

(ii) In the limit v > 0, the singularities of (A 3) become dense along the whole 
negative part of the real axis in the p-plane, but the limiting function is 


lim = —— for 0<y<l. (A 4) 


v—>0 


This limiting form (A 4) agrees with the inviscid transform 


ar ot ae AO 
7" p’ (A5) 
but its singularity lies at » = 0, and does not coincide with any one of the singu- 
larities of (A 3) for v > 0. 
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Magnetohydrodynamic flow constructions with 
fundamental solutions 


By MEREDITH C. GOURDINE 


Plasmadyne Corporation, Santa Ana, California 
(Received 26 July 1960 and in revised form 27 December 1960) 


In this paper steady flows of an incompressible, viscous, electrically conducting 
fluid are constructed from fundamental solutions of magnetohydrodynamics in 
which the applied magnetic field is parallel to the velocity at infinity. The flat plate 
and the sphere are considered as examples, and approximate solutions are pre- 
sented for the limiting cases of large and small Reynolds and magnetic Reynolds 
numbers. The effects of currents in the body are also considered, and it is found 
that unless the magnetic Prandtl number is larger than unity, currents in the 
body have negligible effect on the flow. 





1. Introduction 

A certain class of magnetohydrodynamic (MHD) problems involving the flow 
of an incompressible electrically conducting fluid over a solid body, in the presence 
of an applied magnetic field parallel to the main flow, can be described approxi- 
mately by a set of linear equations (Gourdine 1960). Simple MHD flows over 
solids can then be constructed by superposing fundamental solutions of these 
equations to satisfy appropriate boundary conditions. Examples of this technique 
are presented in this paper 

Chester (1957) treats MHD flow over a sphere as a perturbation of the Stokes 
flow, while Ludford (1959) treats the same problem as a perturbation of the Oseen 
flow. Lary (1960) studies this class of problems assuming the fluid has zero 
viscosity and finds that when the Alfvén number « is larger than unity the body 
produces a forward wake due to the propagation of Alfvén disturbances upstream. 
Hasimoto (1959) finds a similar phenomenon is his study of the problem with a 
fluid of infinite electrical conductivity. Other investigators have also considered 
problems in this class: Gotoh (1960), Yosinobu (1960), Blerkom (1960), Greenspan 
& Carrier (1959), and Greenspan (1960). In this paper, the fundamental solution 
or singular body approach is employed. This is not a new technique (Blerkom 
1960), but it has the advantage of providing physical insight into the problem, 
and it also allows easy generalization of the problem to include the effects of 
currents in the body. 
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2. Mathematical description of the problem 


The following set of dimensionless linearized equations describes the induced 
velocity field u and the induced magnetic field h (Gourdine 1960): 


m +... ooh 7 
ch 1 oy, OU _ (1b 
éx Rm ox g. ) 
V.u=V.h=0, (1c) 


where f = d(r)a represents a singular velocity disturbance in the flow and 
¢ = 6(r) b represents a singular magnetic disturbance in the flow; here 6(r) is the 
Dirac delta function, r being measured radially from the origin, and a and b are 
unit vectors. The other symbols are defined as follows: Re isthe Reynolds number, 
Rm is the magnetic Reynolds number, « is the Alfvén number, and p is the net 
pressure—the sum of hydrostatic and magnetic pressure. 

The solutions of equations (1) are the fundamental solutions for this class of 
MHD problems, and it has been shown (Gourdine 1960) that they can be written 
in the following form 


9 


U(X, Y,2) = UB tUly = y (Ont UN) Ti(Ane, ys 2), (2a) 
n=( 


h,,(x, Y;2) = hit + hi, = y KU + Ut) Dii(Ay x, Y; 2). (25) 
n= 


The net pressure is proportional to the a-component of the zeroth mode of the 
velocity (n = 0): 


P(X, Y, 2) = py +P} = — (1—a) (UF + UB) T,s(Agx, y, 2). (3) 


The fundamental solutions u;;, h;; and p;, are the velocity and magnetic field 
disturbances in the i-direction and the net pressure, respectively, due to singular 
disturbances that are in the j-direction at the origin. The fundamental solutions 
consist of contributions from the velocity singularity (superscript w) and the 
magnetic singularity (superscript h). 

The function I’;,(A,,7, y,z) represents the fundamental solution of the Oseen- 
type equations 


7a V-u = d(r)j, (4a) 
V.u=0. (4b) 
Here J,, has the following three values 
—" (5a) 
A, = 4Re[(1+ Pm) + {(1+ Pm)? —4Pm(1 —«?)}4], (5b) 
A, = $Re[(1+ Pm) — {(1+ Pm)? —4Pm(1 — «?)}4], (5c) 


where Pm = oyv is the so-called magnetic Prandtl number. These are plotted in 
figures 1 and 2. 
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The magnetic mode parameters K,, have the three values 


K,=1, (6a) 
K, = 4a-*[(1 — Pm) — {(1 — Pm)? + 4a2Pm}3], (65) 
K, = }a-*[(1— Pm) + {(1— Pm) + 4a?Pm}}]. (6¢) 


These are plotted in figures 3 and 4. 




















(0) 


FicurE 1. (a)a@ <1; (b)a@> 1. 


The mode strengths in equations (2a) and (26) consist of two parts; U% is due 
to a velocity singularity and U* is due to a magnetic singularity. A study of 
the equations (1) near the singularities at the origin yields the following expres- 
sions for the velocity singularity mode strengths, 


Ug = 1, (7a) 
i = K,/(K,—4,), (70) 
Uy = —K,/(K,—K,), (7c) 
and corresponding expressions for the magnetic singularity mode strengths, 
Uh =1, (8a) 
Ut = —Pm/(K,-—,), (8b) 
Uk = Pm|(K,—K,). (8c) 


These relations ensure that the fields are divergence free even at the origin. 
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MHD flow over a finite body may be described in terms of the fundamental 








solutions by the integral | al 
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(x,y, z y= {fat (x,y, 2; €,9, 6) SH(E, 9, C) dE dyn d€ 

+[[[o meni nOsEnOddnd, 
| 
\ | 
a, 
Re Pm = Rm 
Re + | 
—\ —s 


] 


(2) 





Re- 


RePm = it Mie, 








(0) } 
FIGURE 2. (a) Pm > 1; (b) Pm < 1. 


where S’ and S? are the strengths per unit volume of the distributed velocity and | 
magnetic singularities respectively. A similar integral can be written for the 
magnetic field which, of course, also involves S! and S?. These two distribution 
functions can be determined, in principle at least, by satisfying two boundary 
conditions on the body. One boundary condition is that the total velocity must 
vanish at the body; therefore that u, = —1, u, = 0, u, = 0 at the body. The other 
boundary condition is either on the magnetic field or the current density at the 
body. In the most general problem, the body carries an internal electric generator 
which establishes currents within itself. 
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tal | The remainder of this paper concerns itself with the problem of solving for S¥ 
and S?, Only special cases are attempted because a general solution is probably 
impossible. 

(9) 
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3. MHD drag of a finite flat plate 


Following the usual procedure for constructing flows by superposition, let 
S" = f(€) be the strength of the velocity singularity in the range § < x < §+dé£, 
and let St = Mf() be the strength of the magnetic singularity in the same range. 
This is a special case in which the distribution of magnetic singularities is assumed 
to be proportional to the distribution of velocity singularities in order to demon- 
strate in a simple way the effects of currents in the body. The fundamental 
solution for this case can be written immediately in terms of Oseen’s solution, 


naiiial Wig = UT, (Aye, y) + U,V (Ax, y), (10) 
where the mode strengths are given by 
U, = Ut + MU}, (1la) 
U, = U¥+ MU%. (116) 
Oseen’s solution for a singular flat plate with unit drag is 
Pa = U|EVx-9)-ai], (12) 


where U = Re/Am and A = Re. The function ¢(r) = Inr is the potential of a two- 
dimensional source; it is the longitudinal part of the solution, and is chosen such 
that the flow is divergence-free near the origin. The Oseen function in two dimen- 
sions is y = e34*K,(3Ar), where K, is the modified Bessel function of the second 
kind. At large distances from the origin, x has the asymptotic behaviour 
xy ~ e-tr—9/(1Ar)t. Near the origin y ~ Inr. Therefore y behaves like a potential 
source near the origin; but for large positive x, it is essentially zero outside a 
parabolic region bounded by y = c(2/A)}. The strength of y inside the parabola 
vanishes slowly, like (1/x)?. However, for negative x, y vanishes exponentially. 
Thus Oseen’s solution contains a parabolic wake extending dowstream from the 
body. 

According to equations (4) there are two wakes in this problem. If A, > 0, there 
is a second wake downstream, and if A, < 0, there is a second wake upstream. 
Equations (5) show that A, < 0ifa > 1, and A, > Oifa< 1. 

The distribution function f (&) is such that the x-component of velocity on the 
plate vanishes; that is, 


i 
U,(2, 0) =—l= | {U, Py Aye = §), 0) *- U; Py Ag(x ai £), O}}F(S) dé. (13) 
-1 


On the plate, the argument A(a—&) < A < 1, therefore 
Ty[A(w—£), 0] = (Re/27) (1— In Jy |x—8§}), (14) 
where y,) = e” and y = 0-577 (Euler’s constant). Substitution of this into 
equation (13) yields 
1 
-1= [/ WC,— In |x) +UYO,— In| EN} FE), (18) 
-1 
where C, = 1- In(4¥9A)), (16a) 
C, = 1— In (}7AQ). (166) 
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The solution of equation (15) is 


a (17) 
=) * {0,(C,+ In2) + 0,(0,+ In2)} (2 
The drag coefficient per unit a is therefore 
1 
(g dé — 8 
C= | f(é)d Ta (C, + In2)+U,(C,+ In2)}° - 


In the limit of zero magnetic interaction Cp approaches the classical hydro- 
dynamic value on 1 


— : 
Cp, Re {1— In (y_ Re/8)} ~~ 


where Re = U,,a/v. 
Now consider the effect of the magnetic singularities on the mode strengths 


U, and U,: ss 
i (20a) 
E,-&, 
, —K,+MPm ee 
= 20 
a? (206) 


The effect of a positive M is to decrease U, and increase U,, and vice-versa for a 
negative M. In fact if Pm = K, the first mode is cancelled out entirely, and if 
MPm = K,, the second mode is cancelled out. In the former case, with only the 


second mode remaining, 
27 ] 27 1 


Oe cee ns ee tne, 21 
D~ ReC,+In2~ Re 1— In(y,Rm/8) (21) 
and in the latter case, with only the first mode remaining, 
, 27 1 27 1 
a ss (22) 


ReC,+In2 Rel—Iny,Re/8 
Notice that the effect of currents in the body is proportional to the magnetic 
Prandtl number Pm, which is usually a very small number. 
It is also possible to solve equation (13) for f() when A, and A, are large, because 


in the limit A > oo. Rel a \3 
Paleo] ~ — 5° (ya) 


27 
Furthermore, for a > 1 (strong magnetic interaction), the first mode only pro- 
duces disturbances downstream of the singularity, while the second mode only 
produces disturbances upstream of the singularity; therefore the integral 
equation for f (£) becomes 


7 


(x + 0). (23) 


For a < 1 (weak magnetic a ae the first mode and the second mode only 
create disturbances downstream of the singularity; therefore, 


ot a wi mA, magi [2 (« < 1). (25) 
This is Abel’s integral equation, and has the Bc at 
bk 2 ] 


tik ae ae 1). 26 
f(§) Vé Re U,(m/A,)! + U,(77/A3)3 (a < ) ( 6) 
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The drag coefficient is 
1 


Cp= | sede = aa 
Notice that as « or Pm tends to zero Cp approaches the classical value for high 
Reynolds number flow Cy, ~ 4/(nR e)t, (28) 





(27) 


For « > 1, finding f(£) from equation (24) is somewhat more difficult; however, 
Greenspan (1960) provides the solution. In the special cases in which either 
U, or U, vanishes, equation (24) is again easy to solve. If U, vanishes we again have 
Abel’s integral equation, and the solution 


9 ' 
f() = 3 (29) 


Ji Re U,(m/A,)3 
If U, vanishes we have an equation which can be converted into Abel’s equation 
by the substitution £ = 1—y, and the ae solution is 


2 1 
f(é) = ra ae 
Thus, when the second mode oun (U, = 0), the leading edge is singular and 
there is a trailing wake, but when the first mode vanishes (U, = 0) the trailing 
edge is singular and there is a leading wake. 

For a flat plate without internal currents, U, vanishes if the eiectrical con- 
ductivity is zero, and U, vanishes if the electrical conductivity is infinite. It is 
also possible to make U, or U, vanish by properly distributing the currents in the 
flat plate as suggested by equations (20a) and (20b). Thus, by making MPm = K, 
we can make U, vanish, and by making MPm = K,, we can make U, vanish. The 
current density generated in the plate, and the vorticity, must be at right angles 
to the flow and in opposite directions on the top and bottom sides. 

The results presented in this section are in agreement with the results of 

xreenspan (1960). Greenspan uses an entirely different mathematical technique 
to arrive at equation (24), and does not concern himself with currents generated 
in the flat plate. 


(30) 


4. MHD drag of a sphere 

In ordinary hydrodynamics, low Reynolds number flow over a sphere is con- 
structed approximately by superposing a uniform flow, the flow of a singular 
needle, and the flow of a potential dipole; therefore it is reasonable to expect that 
low MHD Reynolds number flow over a sphere can be approximated by replacing 
the singular needle by a singular MHD needle as follows: 


M (r—z) _ ] e—FAy (r—-2) 
U =i+0i{-> v[e = =*4 il 
A r 
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7 1 e-3A r-2)_] $A, (r—x) 
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where the ratio of mode strengths for the singular MHD needle is 
U3/Uy = — K,/K,. (32) 


The modestrengths U/ and Uj arethen determined by expanding the exponentials 
in equation (31) while satisfying the boundary condition on the sphere which 
demands that U = 0; they are 


3.é«O«¥X« 1 
a a: ——— 33a 
1% ~9K,— Ky 1—§(KyAy—KyA,)|(Ky— Ky) — 
1 
Ue ~~ — eo ae 33b 
0 41-§(KyAy— KA) |(Ke— Ky) aia 
where, from equations (5) and (6) 
(K,A,—K,A,)/(K2—K,) = Re. (33¢) 
The drag of the sphere is due to a singular MHD needle of strength 
§(4m/Re) (1+ $Re), 
therefore the drag is D = 67pvU,,a(1 + 3 Re). (34) 


This is precisely the same drag as is obtained without magnetic interaction. It 
appears that for « < 1, up to terms of order A, the magnetic interaction has no 
effect on drag. 

It is easy to obtain the solution for ~ > 1 simply by changing the sign of x in 
equation (31) to account for the upstream wake when A, < 0. The result is 


3K 1 
Di a 35a 
t= ~3K,—K,1-\—K,A,— KA KK) — 
1 1 
\, 2 ee 3 ee ee i= 
M8 = gi KA KA By’ vn 
: , Hae 2 
where K=x Pats Fi s , 2Ha"+ Re ——— (35c) 
K,—K, {(Re — Rm)? + 4Ha?}3 
and the drag is 
D = 6npvU,,a(1+ 3K) (36) 


provided that Ha, Re, Rm are all less than unity. In the limit Re, Rm > 0 with 
a—> oo, such that Ha? = ReRma? is finite but less than unity, Chester’s (1957) 


result is obtained: D = 6mpvU,,a(1 + 3Ha). (37) 


These results also agree with those of Ludford (1959). 


5. Conclusions 

The fundamental solution approach to this class of MHD flow problems is a 
convenient method of constructing solutions. With a knowledge of the properties 
of the MHD singularities involved it is a simple matter to deduce the physical 
properties of the solutions. Some of these solutions may eventually prove useful 
in the design of probes to measure certain physical properties of a flowing 
conductor. 
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A new approach to the measurement of turbulent fluxes 
in the lower atmosphere 


By R. J. TAYLOR 
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A method is described for the measurement of turbulent shearing stress and 
vertical heat flux by way of ‘structure functions’—the mean square velocity 
and temperature differences between two points a known distance apart. The 
method is particularly suitable for shipboard use because it does not require the 
measurement of velocity components relative to a fixed frame of reference. An 
analysis of the available observations, although they are not ideally suited to the 
purpose, is encouraging and points the way to further development of the method. 





1. Introduction 

It has several times been noted (e.g. by McCready 1953; Taylor 1955) that. 
when autocorrelations in horizontal wind velocity components at two points are 
measured in the lower atmosphere, they show the particular dependence on the 
distance between the two points which is characteristic of the inertial subrange 
of eddy sizes, up to unexpectedly large distances—often as much as several times 
the height of observation. A rather convincing explanation of this phenomenon 
has been put forward by Gifford (1959), but, whatever the cause, there is no 
doubt that this simple property does, in fact, hold good over an extensive range 
of distances. 

Within this range, it is possible to derive expressions relating the vertical 
turbulent fluxes of heat and momentum with the mean square differences in 
temperature and velocity between two points—the so-called ‘structure func- 
tions’. As pointed out by Deacon (1959), these could form the basis of a method 
for measuring the fluxes which would have obvious applications at sea since the 
only functions of velocity required would be differences. These, though affected 
to some extent by the ship’s motion, could be measured more accurately than 
velocity components relative to a fixed frame of reference. 

The theoretical basis of the method is set out below, and the available observa- 
tions are used to test it. Although the observations are not entirely suited to the 
purpose, a preliminary assessment is possible. 


2. Theoretical basis of the method 
If we write D,(r) = (u(x) - u(x +r)]?, (1) 
where wu is the velocity component in the downwind (x) direction and 7 is an incre- 
ment of distance in the same direction, then, in the inertial subrange, 
D,(r)o ef, (2) 
29 Fluid Mech. 10 
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where ¢ is the rate of dissipation of kinetic energy per unit of mass. Obukhov & 
Yaglom (1951) derived a value for the constant in (2) and wrote 


D,(r) = 1-6e8ré. (3) 


Their derivation rests on a value of —0-4 for the skewness in distribution of 
[u(x) -u(x+r)]. Some measurements by Stewart (1951) suggest that a rather 
smaller absolute value may be more appropriate and this would involve a larger 
constant in (3). For the present, equation (3) will be accepted as it stands, in the 
knowledge that some adjustment of this constant may later prove to be necessary. 

Equation (3) links € with a measurable function of wind velocities. As is well- 

known, € can also be expressed by the equation 
es: ed (4) 
poz c,pT 
(neglecting divergence of vertical diffusion of turbulent kinetic energy) where 
7 is the shearing stress, H is the vertical turbulent heat flux and the other symbols 
are standard notation. It is thus clearly possible, by way of equations (3) and (4) 
to estimate 7 from measurements of D,, and the other quantities involved. 

The distribution of temperature fluctuations in a turbulent flow has not received 
as much attention as the dynamically more interesting problem of the velocity 
fluctuations. The earliest relevant work appears to be that of Obukhov (1949) 
who discussed temperature structure functions of the form 


Dy(r) = [T(x)—T(x+r)P (5) 
where 7'(x) and 7(x+r) are the temperatures at points having co-ordinates 
x, and x;+r, respectively (7 = 1, 2,3). 

Obukhov introduces a dissipation function for temperature fluctuations 


X = K(0T /ex,)°, (6) 


where « is the thermal diffusivity of the fluid. (The summation convention for 
subscripts applies in equation (6).) He assumes that there exists a range of eddy 
sizes for which D7 is a function of r, y and € only, and dimensional analysis then 
leads to the result that, for this range of sizes, 


D/(r) oc xe~hr3. (7) 


Similarly, Corrsin (1951) obtained a spectrum of temperature fluctuation 
proportional to the minus five-thirds power of the wave-number, a result which 
is exactly equivalent to Obukhov’s. In sharp contrast, however, is a paper by 
Inoue (1952) who, using a very different theoretical basis, reached the conclusion 
that D,(r) is proportional to ri. 

A relationship between y and H was found by Tatarskii (1956) by assuming a 
logarithmic form of temperature profile and taking a simplified form of the equa- 
tion of conservation of internal energy. It is possible, however, to show that his 
relationship is valid even when the profile is not logarithmic and when certain 
terms, neglected by him, are taken into account. 
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The equation of motion of a fluid of variable density (see Jeffreys 1952) is 


02 we ou; Cp cp Ca; 
See me ae ae 8 
Pat "ee, * ae, Pax, ex (8) 
in which the summation convention applies. Here the u, are the velocity com- 
ponents, ¢ is the geopotential and o,; is a viscous stress given in full by 
PP i Pci Pict 
i PONG x, 30x, 8)’ 
where v is the kinematic viscosity and 46,; = 1 or 0 according as 7 = j or not. 
By multiplying equation (8) throughout by u,;, we obtain the equation for con- 
servation of kinetic and seinen energies : 
é ep eo ay; 
= Uj u2) +u;<— +pu;—- —u,;~" = 0. 9 
Px, (24; ) + ps = ae) 8g Hm oe (9) 
If radiative transfer is cslizaal the equation for the conservation of energy 
(see de Groot, 1951) is 
a i 4 Ou; C05; U; 


[c, T+ juts g]+ = peut [c,7' +4u?+ 6] -A— —-—4/=0, (10) 


Out Oa, =O; 


0 
at” 
where A is the thermal saaieibali 
The equation for the conservation of internal energy is now derived from 


equations (9) and ~ by subtraction, using the equation of continuity, and is 


0 Cu Cu; eT 
pac ol + puja OP +P xe! = “sae, +4 as (11) 
cé 6 ou; oT 
hi ft Rien: Foe paid 2 
which reduces to typ alot +u al Oi; ae, +A Bet’ (12) 


where @ is the potential temperature. 

If this equation is now multiplied through by a temperature fluctuation 7” 
and averaged and, further, the assumptions of steadiness in time and horizontal 
uniformity are made, it reduces to 


06 e rye , 0 2) 
H ay + te, fig, (OM) T"*; = pe? +S (37?) —pe, x, (13) 


since fluctuations in 7' and @ are nearly equal. The order of magnitude of terms in 
this equation will be estimated later. 


3. The observations 

The only available data suitable for testing the proposed method are those of 
Swinbank (1955). He gives, inter alia, values of momentum flux (which is equiva- 
lent to the shearing stress) and heat flux, determined from the covariance of the 
vertical velocity component with the horizontal-downwind component and with 
the temperature respectively. Records of velocity and temperature fluctuations 
at one point as a function of time were made as part of this investigation and it is 
possible to estimate structure functions from them as follows. 
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Following G. I. Taylor (1938) it will be assumed that the autocorrelations 
behave as if the whole turbulent velocity and temperature fields were being 
swept along unchanged at the mean wind speed. The validity of this assumption 
in the lower atmosphere seems well established (see Gifford 1956; Taylor 1957). 
Thus structure functions for a distance 7, where r is aligned along the mean wind 
direction, are to be taken as equal to mean square differences for a time interval o 
where r = uo. This artifice is introduced solely in order to make use of existing 
data and is valid only if the point at which observations are made is fixed or in 
uniform motion. Aboard a ship, where the motion of the point of measurement 
would itself have autocorrelation, differences between two points would have 
to be measured directly. 

Those records made by Swinbank at heights of 23 m and 29 m for which all the 
necessary subsidiary data were available have been used in this analysis. Obser- 
vations at these heights only were used because previous work had suggested 
that at lower levels much of the interesting part of the eddy structure was of 
too short a period to be properly taken into account by the recording galvano- 
meters used (natural period nominally 2-3 sec). 

The stresses tabulated by Swinbank are available to test the present method. 
Unfortunately, the decision té use autocorrelations at 23m and 29m only in- 
volved the use of stresses measured at the same height for comparison purposes, 
and it has been shown by Deacon (1955) that the 5 min recording period used was 
not long enough for all the eddies contributing to the momentum flux at those 
heights to be fully accommodated. His comparison of the stress measurements 
there with those at 1-5 to 2m led him to conclude that both sets of measurements 
are low by similar amounts, the former through the exclusion of low-frequency 
contributions, the latter through high-frequency cut-off. The latter effect has 
since been shown to amount to 20-30 % so, in what follows, Swinbank’s stresses 
have been corrected by an increase of 30° and are used as reference values 
denoted by 7. 

No such correction to allow for apparent loss of flux due to the shortness of the 
observation period has been made to Swinbank’s values of heat flux because the 
effect does not seem to be as severe here (Deacon 1955). The tabulated heat 
fluxes have been taken without change and are denoted by H. 

It is clear from the above that these observations are far from ideal for testing 
the proposed structure-function method of estimating fluxes. Nevertheless, their 
application to this purpose is an obvious first step in verifying the method and will 
help in deciding whether a more refined programme of observations is justified. 


4. First estimate of shearing stress 


A total of 31 records with all necessary subsidiary observations was available 
and autocorrelations in w were calculated from them for time lags, 7, of about 
1, 2, 5 and 9sec for which experience had shown that equation (2) was fairly 
well obeyed at these heights. As a further test of this equation, the values of 
D,, so obtained were plotted logarithmically against 7 so as to determine the 
index p in the proportionality 
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These values of p are shown in table 1 and the mean 0-63 + 0-03 is in satisfactory 
agreement with the expected value. 

Seven values of stress had previously been calculated (Taylor 1955) by the 
methods of §2 and had shown reasonable agreement on average with those 
measured by Swinbank. In this calculation, however, the second term on the 





Run € erg Cu/éz T, (dyne 7 (dyne 

Date* no.* p (g-! sec—) (sec-) em~*) cm?) T’,/t 

8. xi. 51 2 0-75 76:4 0-0291 3-00 1-83 1-64 
9. i. 52 3 0-49 27-8 0-0134 — 3-28 2-66 — 1-23 
16. i. 52 6 0-45 60-3 0-0386 1-20 3-22 0-37 
21. i. 52 4 0-49 88-4 0-0156 3°22 2-35 1-37 
4, ii. 52 2 0-75 39-6 0-0122 3°17 2-58 1-22 
4, ii. 52 + 0-75 40-0 000513 —2-29 1-90 —1-21 
4, ii. 52 6 0-75 132 0-00566 18-0 4-29 4-20 
13. ii. 52 9 0-87 4-92 0-0751 0-11 0-56 0-20 
13. ii. 52 1] 0-81 2°35 0-0496 0-06 0-26 0-23 
25. ii. 52 6 0-40 34:9 0-0532 0-09 2-06 0-05 
25. ii. 52 i 0-73 45-5 0-0502 1-00 1-53 0-66 
25. ii. 52 13 0-81 17-7 0-0390 0-34 2-26 0-15 
25. ii. 52 15 0-51 53-1 0-:0383 1-61 1:38 1-17 
25. ii. 52 17 0-47 26-4 0-0485 0-76 1-34 0-57 
25. i. 52 19 0-60 12-6 0-0540 0-33 0-66 0-50 
26. ii. 52 37 0-40 20-0 0-0239 0-73 0-44 1-66 
26. ii. 52 39 0-73 21-4 0-0117 — 0-35 2-72 —0-13 
26. ii. 52 46 0-60 38-9 0-0239 1-16 1-90 0-62 
26. 1. 52 48 0-78 79-7 0-0274 2-40 3-39 0-71 
26. ii. 52 50 0-53 68-5 0-0241 2-16 2-46 0-88 
3. iii. 52 4 0-65 101 0-0304 1-47 1-23 1-19 
3. iii. 52 6 0-62 57-5 0-0153 — 3-53 8-01 — 0-44 
3. tii, 52 10 0-47 53-5 0-00996 3-20 5-43 0-59 
3. ili. 52 16 0-65 11-7 0-0414 0-43 0-35 1-23 
4. ii. 52 48 0-55 33-1 00209 1-10 0-57 1-93 
19. iii. 52 8 0-84 79-3 0:0575 2-03 4-70 0-43 
19. iii. 52 10 0:70 80-9 0-0268 3-55 2-75 1-29 
19. iii. 52 12 0-90 90:3 0-0328 2-90 4:7 0-62 
19. iii. 52 16 0-67 37°2 0-0410 0-95 2-00 0-48 
9. vii. 52 1 0-38 6-08 0-120 0-08 0-32 0-25 
9. vii. 52 3 0-47 4-03 0-104 0-06 0-21 0-29 
Mean 0-63 — — — — 0-69 

Standard error of mean 0-03 — -- --- 0-18 


* As shown by Swinbank (1955). 


TABLE 1. Results of velocity autocorrelation analysis. 





right of equation (4) was ignored since the observations concerned were mainly 
in the near-neutral condition. This comparison has now been extended by calcu- 
lating stresses from the 31 new sets of structure functions. 

Values of € (as shown in table 1) were calculated according to equation (3) by 
plotting D,(7) against oi and fitting a straight line through the origin by eye. 
To calculate the stress then by equation (4) it is also necessary to know the heat 
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flux and the velocity gradient at the height of observation. The values H tabu- 
lated by Swinbank were accepted for the former and the latter was calculated by 
fitting to the wind-speed observations at all available heights (which lay within 
the range 0-5-32m) an interpolation formula of the form du/dz = az~? where 
a and f are disposable constants. The values of shearing stress so calculated are 
denoted by 7; and are shown in table 1. 

The ratio 7/7 was also calculated for each run (see table 1) and its mean is 
0-69 + 0-18. The expected value of unity is barely within the range of twice the 
standard deviation from that observed and it might appear that some adjust- 
ment of the constant in equation (3) is needed. This possibility is hardly surprising 
when it is recalled that the constant rests ultimately on a laboratory measure- 
ment of the skewness in distribution of [u(x)—wu(x+7r)] which is itself open to 
doubt and that a very great change in scale is involved in its application here. 


5. The heat flux 

Little experimental evidence has been brought to bear on the question of 
whether D,,(r) is proportional to r# or r$. Inoue (1952) quotes some observations 
by Crain & Gerhardt (1951) and claims that they support his own proposed rt 
relationship. On the other hand, Shiotani (1955) and Tatarskii (1956), on the 
basis of observations which they adduce, both support the proposals of Obukhov 
and Corrsin. In view of this disagreement, it seemed desirable to examine the 
available observations on the point. 

Autocorrelations at time lags, 7, were therefore calculated from temperature 
records of Swinbank’s (1953) investigation. There were available 28 records 
suitable for this purpose which were also accompanied by the subsidiary data 
needed for heat flux estimation (see below). It was assumed that the limits of 
inertial subrange behaviour would be similar to those for velocity fluctuations 
and approximately the same values of o were used. Logarithmic plotting of 
D, against o then gave the index p as shown in table 2. The mean p of 0-64 + 0-03 
unequivocally supports the ‘two-thirds’ law for the structure function, as 
expressed in equation (7). The constant, of proportionality in this equation 
is, of course, not yet determined and a purely empirical value will later be 
derived. 

To obtain some idea of the relative magnitudes of the terms in equation (13), 
four of the available records were analysed in detail. They were made in lapse 
conditions with an average Richardson number (at 1:5m) of —0-051. On the 
average over these four runs, it was found that: 


ree = —14-4erg °Com-3sec"!, 


}c,pw'T”? = +0-30erg °C cm-* sec“, 





pe(T'"2)t = +0-02erg °C om-*sec—, 


eo 
a ee 
Axa (27 ) = 10-5erg °C cm-* sec"; 


(w is the vertical velocity component). 
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As far as this evidence takes us, therefore, we are clearly justified in writing 





approximately H 0 
re ae (14) 
This is equivalent to the equation finally arrived at by Tatarskii (1956) 
D 00 /dz 
Run 10-4(7°C)2 10-8 °C H, H 

Date no. p sec! em-! (mWem-*?)(mWem-’) 4dH,/H 
16. i. 52 6 0:65 7°36 — 159 5-58 8-0 0-70 
21. i. 52 2 0-51 25-6 — 200 15-3 21-0 0-73 
21. i. 52 4 0:45 25-2 — 156 19-4 17-1 1-13 
4. ii. 52 2 0-34 5°31 — 136 4-70 2-7 1-74 
4. ii. 52 4 0-58 11-1 — 142 9-40 18-3 0-51 
4. ii. 52 6 0-78 41-0 — 192 25-6 17-4 1-47 
13. ii. 52 9 0-65 0-233 98-5 —0-28 — 0-8 0-35 
25. ii. 52 6 0-93 3-44 — 125 3°31 11-3 0-29 
25. ii. 52 ll 0-47 0-415 — 61-8 0-80 1:3 0-62 
25. ii. 52 13 0-49 0-710 —17-4 4:90 2-4 2-04 
25. ii. 52 15 0-73 0-221 —11-4 2-33 0-6 3°89 
25. 11. 52 7 0:47 0-971 44-1 —2-64 —1-6 1-65 
25. 11. 52 19 0-62 1-27 44-7 —3-41 — 0-8 4-26 
26. ii. 52 37 0-78 1-23 — 138 1:07 2-0 0-54 
26. ii. 52 39 0-97 1-89 — 130 1-75 9-1 0-19 
26. ii. 52 46 0-58 5-35 — 145 4°42 5-8 0-76 
26. ii. 52 48 0-75 13:1 — 145 10-8 9-1 1-19 
26. ii. 52 50 0-58 10-6 — 150 8-49 9-2 0:92 
3. lll. 52 4 0-78 24-0 — 169 17-0 23-4 0-7 
3. iii. 52 6 0-78 24-3 —217 13-4 37-7 0-36 
3. ili. 52 10 0-78 1-89 — 206 1-10 9-9 0-11 
3. iil. 52 16 0-87 0-916 116 — 0-95 —1-1 0-86 
4. iii. 52 48 0-67 1-32 — 42-9 3-69 5-1 0-72 
19. iii. 52 10 0-58 0-864 — 296 0°35 0-6 0-58 
19. iii. 52 12 0-36 1-66 —114 1-75 4:0 0-44 
19. iii. 52 16 0-90 1-26 —111 1-36 1-7 0-80 
9. vii. 52 1 0-27 1-87 440 —0-51 —0-7 0-73 
9. vii. 52 3 0-47 2-29 300 — 0-92 —0:3 3-06 

Mean 0-64 — — — — 1-12 

Standard error of mean 0-03 — — _ _— 0-20 


TABLE 2. Results of temperature autocorrelation analysis. 





Values of y as shown in table 2 were calculated from the temperature auto- 
correlations by means of equation (7), tentatively taking the constant of pro- 
portionality as unity and using € as given in table 1. Heat fluxes, H,, were then 
obtained from equation (14). The potential temperature gradients required were 
derived from the original observations of temperature at heights within the 
range 0-5-30 m by fitting an interpolation formula of the form 00/0z = az~?. 

These values of H, are shown in table 2 and are compared with Swinbank’s 
values, H, by calculating H,/H. The mean value of H,/H was 1-12 + 0-20 and it 
thus appears that 1-12 is the best available estimate for the constant in equation 
(7). New heat fluxes, H,, were calculated on this basis and it is obvious that the 
mean H,/H must be 1-00 + 0-18. 
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6. The second estimate of stress 


The stress estimation in §4 involved a heat flux derived from the covariance 
between the temperature and the vertical velocity component. It is obviously 
desirable particularly for shipboard use to eliminate this type of measurement 
altogether and to use heat fluxes derived as in §5. If we write 


a=D,(r)r4, 6 =D,(r)r3, 
then, using the proposed value of 1-12 for the constant in (7), it follows that 
«= o-5al, H = —0-893°2P0 
00/ez ’ 


and hence, by the use of (4), we derive a new estimate, 7, for the shearing stress. 
This has been done for those 27 observations for which both temperature and 
velocity information was available, and it was found that the mean value of 
T,/T was 0-99 + 0-15. The individual values of 7},/7 are given in table 3. 








Run Run Run 

Date no. T,/T * Date no. T/T Date no. T/T 
16. i. 52 6 0-44 25. ii. 52 15 1-07 3. ill. 52 6 0-25 
21. i. 52 + 1-34 25. ii. 52 Ly 0-60 3. iii. 52 10 1-12 
4, ii. 52 2 1-06 25. ii. 52 19 0-70 3. iii. 52 16 1-15 
4, ii. 52 4 2-05 26. ii. 52 37 1-98 4. ii. 52 48 2-45 
4, ii. 52 6 3-40 26. ii. 52 39 0-63 19. ili. 52 10 1-29 
13. ii. 52 9 0-16 26. ii. 52 46 0-73 19. iii. 52 12 0-67 
25. ii. 52 6 0-29 26. ii. 52 48 0-68 19. iii. 52 16 0-49 
25. ii. 52 11 0-67 26. ii. 52 50 0-96 9. vii. 52 1 0-22 
25. li. 52 13 0-08 3. iil. 52 4 1-86 9. vii. 52 3 0-35 


TABLE 3. Values of 7’,/7. 





During a 5 min observation period it is not likely that all the assumptions 
made in deriving the expression for 7, will hold good. Those of horizontal 
uniformity and steadiness in time, in particular, may break down over short 
periods. However, the coefficient of correlation between 7, and 7 is 0-49 which 
is significant at the 1 % level, while the coefficient of regression of 7 on 7 is 
1-00 + 0:36. Figure 1 shows the 7, and 7 values with the calculated regression 
line. 

In the practical use of the structure-function method it is quite reasonable that 
a number of 5 min runs—or of runs over a longer period of observation—should 
be taken in order to average out the effects referred to above. The values of 7, 
and 7 were therefore subdivided into groups according to the magnitude of 7, 
and mean 7} and 7 were calculated for each group as shown in table 4. The coeffi- 
cient of correlation between the two groups of means is 0-99. 

A further subdivision of the 7, results according to Richardson amend at 
1-5m (Ri,.;) was made and is shown in table 5. 

Application of the method of combining probabilities due to Fisher (1948, 
p. 99) indicates that the probability of the set of deviations of 7,/7 from unity 
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being due to chance is 0-03 and it appears, therefore, that the trend of 7),/7 with 
stability shown in table 5 is significant. 

This trend may, in part, be explained in terms of instrumental response 
characteristics. 7, and 7 were obtained ultimately from the same galvanometer 
records but, as stability increases, the turbulent energy moves further and further 
into smaller eddy sizes. Since the eddies contributing to the structure function 
measurement are smaller than the strongly anisotropic ones entering into the 














[ T T T T T T T 
l6r al 
x 
l4F — 
1I2.F = 
10 F = 
fy 
2 ob = 
Fr x = 
if x a 
x 
x x 
x 
) x - x x = 
Fg x 
x -od x “% x 
x a x 
x x 
0 aa 2a | | 1 i J 
0 | 2 3 } 5 6 7 
T 


Figure 1. Comparison of stresses measured by two methods (individual 5 min runs). 





No. of 
Group observations Mean 7 Mean T, 
A 5 0-29 0:30 + 0-15 
B 6 0-86 1-24+ 0-26 
C 5 1-56 1-41 + 0-65 
D 6 2-06 2-49 + 0-34 
E 5 3-98 5-63 + 2-36 


TaBLE 4. Means of 7, and 7, according to magnitude of T. 





No. of 
Group observations Mean Ri, ; Mean T/T 
F 6 + 0-029 0-53 + 0-15 
G 5 — 0-007 0:59 + 0-15 
H 6 — 0-015 0:84 + 0-24 
J 5 — 0-031 1-38 + 0-29 
K 5 — 0-087 1-72 + 0-52 


TABLE 5. Values of 7’,/7, according to stability. 














458 R. J. Taylor 


covariances, it might well be expected that the failure of the galvanometers to 
respond fully to the fine detail of the turbulence would affect 7, more strongly 
than 7 and the more so as stability increases. However, it would also be expected 
that this effect would cause 7, to be less than 7 in all conditions of stability so 
that all the features of table 5 cannot be explained in this way. This fact, together 
with the rather large difference between the means of 7/7 and 7;/7, make it 
unlikely that the values of the constants used in equations (3) and (7) can yet be 
regarded as firm for use in the lower atmosphere. 


7. Conclusion 

The results of the previous sections are encouraging and suggest that it may be 
possible to estimate stress or heat flux from a group of some thirty 5 min measure- 
ments of structure function with a standard error of 15—20 %. More observations, 
specially designed for the purpose, need to be made, however, to get more 
secure values for the two constants of proportionality and to elucidate stability 
effects, particularly in so far as they concern the instrumental response charac- 
teristics required. 

It is worthy of note that equation (12) is essentially a conservation equation 
and that a similar equation could be constructed for water-vapour concentration. 
A structure-function method, involving mean-square humidity differences, 
could thus probably be developed for the assessment of the vertical turbulent 
flux of water-vapour, that is, the rate of evaporation from the underlying surface. 


I have had the benefit of much discussion with Dr U. Radok and Mr E. K. 
Webb. Mr E. L. Deacon provided information on the probable errors in the 
reference stresses and the differential-analyser calculations of the autocorrela- 
tions were carried out under the direction of Mr N. E. Bacon. 

The material included in this paper has formed part of a thesis submitted to the 


University of Melbourne. 
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The effect of a magnetic field on the flow of a 
conducting fluid past a body of revolution 


By W. CHESTER 


Department of Mathematics, University of Bristol 
(Received 6 December 1960) 


The problem described by the title is investigated when both the magnetic 
field and the streaming motion of the fluid at infinity are uniform and parallel to 
the axis of symmetry of the body. The flow pattern depends on three parameters, 
the Reynolds number FR, the magnetic Reynolds number R,, and the Hartmann 
number JM. In this paper it is assumed that M >1, M> R, M > R,, (no other 
restrictions on the parameters are imposed, so that R and R,, need not be small). 
The flow pattern then consists of an undisturbed uniform stream outside a 
cylinder circumscribing the body with generators parallel to the stream. Inside 
this cylinder the fluid is at rest. The leading term in the expression for the drag 
on the body is obtained. 





1. Introduction 

In an earlier paper (Chester 1957) the author considered the effect of a mag- 
netic field on the flow of a conducting fluid past a sphere. It was shown that the 
magnetic field, assumed to be parallel to the uniform stream at infinity, produces 
a body force which opposes the natural tendency of the fluid to flow round the 
body and thereby increase the drag. An expression for the drag was obtained as 
an expansion in increasing powers of the Hartmann number. 

The object of the present investigation is to consider the same problem, but 
for large values of the Hartman number. Because of the insensitivity of the flow 
to the detailed shape of the body, it is possible to generalize the argument to deal 
with an arbitrary body of revolution. 


2. Formulation of the problem 


The fluid is assumed to be incompressible, viscous and conducting. It flows 
steadily past a body of revolution whose axis defines the x-axis of a system of 
Cartesian co-ordinates with origin inside the body. Both the flow direction and 
the magnetic field are parallel to the z-axis at infinity. 

The equations to be solved are then, with the usual notation for electromagnetic 
quantities (measured in M.K.S. units), 


VaH =j=o(E+yV'aH), V’'.H=0, V'aE=0, (1) 
V’.V’ =0, (2) 
Pp(V’.V’)V’ = —V'p'+prV?V' + njaH, (3) 
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where V’, p’, p, v denote respectively the velocity, pressure, density and kine- 
matic viscosity. The prime has been used here so that the same symbols without 
the prime can later be used to denote non-dimensional quantities. 

We note first that, because of the symmetry of the problem, the vector V’ aH 
has zero divergence and hence, by equations (1), 


V.E=0, VaE=0. (4) 


The electric field is thus identically zero, since this is a solution of (4) which 
violates no boundary conditions at the body or at infinity. 

Now let U be the speed of the uniform stream at infinity, and let the body lie 
within a sphere of radius a and centre at the origin. The space co-ordinates may 
then be made non-dimensional with the factor a-!, and the pressure and velocity 
by the relations 


p (p'-po), V=V'U, (5) 


— a 
~ pvU 
where p7, is the pressure at infinity. 

It follows, from the first of equations (1), that 


Rh, VaH = VaH, (6) 
where R,, = Uawo = magnetic Reynolds number. (7) 


If the left-hand side of (6) were neglected, H would also satisfy equations (4). 
If, in addition, the permeabilities of the fluid and the body were equal, the mag- 
netic field would be uniform and parallel to the z-axis. We thus write 


H = +H(i+R,,A), (8) 


where the first term is taken to be dominant. The validity of this assumption will 
be discussed later. For the moment we take H = + Hi approximately, and 
equation (3) then reduces to 


R(V.V)V = —Vp+V2V + MXV ai) ai, (9) 
where R = Ual/v = Reynolds number, (10) 
M = pHa(o/pv)t = Hartmann number. (11) 


Note that the Hartmann number, like the Reynolds number and magnetic 
Reynolds number, is essentially non-negative. 

Equation (9) is further simplified by neglecting the term on the left-hand side. 
The techniques of this paper are not sufficiently refined to discuss the precise 
condition for which the neglect of the convective terms is valid. However, in 
the paper immediately following, a much more careful analysis of the whole 
flow field is made for the special case of a circular disk. There it is shown that the 
approximation is justified provided that M7 > R. (This is also the condition 
required when M <1.) While this is not completely general it is also not so 
restrictive as might at first appear, for it is also found that the flow field is in- 
sensitive to the detailed shape of the body when J is large. The uniform stream 
is undisturbed outside an elongated cylinder circumscribing the body; inside the 
cylinder the fluid is substantially at rest. The thickness of the shear layer at the 
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surface of this cylinder is O(M-+) near the body and gradually thickens towards 
far distant points, where the contour of the cylinder becomes less well defined 
and the flow merges into the pattern of a uniform stream at infinity. 


3. General solution of the equations 


With the indicated simplifications, (2) and (9) now give 


V.V¥ =@, (12) 
—Vpt+V°V+M7(Vai)ai = 0. (13) 

These have the particular solution (Chester 1957) 
V = i +eMtVd,+e—"*V9,, (14) 
p= Mews Pa _ yp eur P2 (15) 

Ca Ca 
where V26,+M = “ (16) 
Op. 

V2¢, —M = = 0. 7 
Qo hj ag 0 (17) 


Equations (14) and (15) contain the most general solutions for p, and u, the 
x-component of (V —i). For it is easily deducible from (13) and (14) that 


V(p+ Mu) —M = (p+ Iu) a (18) 
V*(p—Mu)+M x (p— Mu) = 0, (19) 


so that (p+ Mu) and (p— Mu) can be identified with Me" ¢,, and — Me" 4, 
respectively. Thus the most general solution may contain extra terms which 
contribute to the velocity components perpendicular to the a-axis. Since such 
terms must satisiy the continuity equation, they may be expressed in the form 
Vyai. Since also the conditions of symmetry require that there be no component 
of vorticity in the x-direction, y must be a solution of the two-dimensional Lap- 
lace’s equation. This solution is to be regular at all points in a plane perpendicular 
to the z-axis and so can be at most a constant, which has no significance in the 
velocity field. Equations (14) and (15) therefore represent the complete solution. 

It also follows, from (1), (6) and (8) that the equations satisfied by A outside 
the body are approximately 


VaA=Vai, V.A=60, (20) 
with the solution 
A= —Me"*Vd,+ M-e27V4,4+- V9’, (21) 
where V2’ = 0. 


Inside the body, where VaA = 0, V.A = 0, A is a harmonic function. This 
function, together with ¢’, is determined by the continuity of A on the surface 
of the body. Now the first two terms in (21) are at most O(.M-") for, as will be 
shown, each term in (14) for the velocity is at most O(1). It follows that A itself 
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is at most O(M/~") and hence that the approximation implied by taking the mag- 
netic field to be Hi is valid provided that M > R,,. 

The assumptions made also imply that the Alfven wave speed (u+H/p}) is 
large compared with U, for their ratio is M?/RR,,. The effect on disturbances 
associated with this speed may be compared to the effect on compressive dis- 
turbances of the assumption of small Mach number. 


4. Solution for large Hartmann number 


To obtain the solution for M > 1, it is sufficient to note that p and each of the 
components of (V—i) can be written as the sum of two terms satisfying respec- 
tively the equations 


oy 
7 | (ie 
V4y,-M an 0, (22) 
oY. 
V2y.+ M -£2 = 0. y 
a+? =0 (23) 


The asymptotic behaviour of solutions of the first equation has already been 
discussed in the literature (Oseen 1927; Stewartson 1956) with reference to 
Oseen’s equation for viscous flow past solid bodies, and the second equation is 
also amenable to similar treatment. We follow here the interpretation given by 
Stewartson (1956) of Oseen’s original argument. 


Let au 
t= Aly2), F2= MB\y’,7’) (24) 
] , ®t os ae ~ 
Y2= A,l{y »% ); Oa = MB Ay »% ); (25) 


at the point (x’, y’,z’) of the body, where 0/¢x represents differentiation along the 
outward normal. (It will appear later that the normal derivatives can be O(M) 
on the body.) Then, by a simple extension of Kirchhoff’s solution of the wave 
equation, we can write 


oe M(a—x’—R) 0 (etM@-2’—R) 

amr Aa, 9,2 )= | { {are 1A, A (- “) las, (26) 
ee 0 (e-}M@-2'+R) 

4my,(2x, y,2) = | | [1B +14,) a ie 7 (—— jas. (27) 


where (x’,y’,z’) is a point on the body where the outward drawn normal has 
direction cosines (1, m,n), and 


R= (—2' P+ (y—y')? + (2-2') 





Consider first the asymptotic behaviour of 
es M(e-2z'—R) 
[[e-tay) —— Ras (28) 


for large M. The integrand is exponentially small unless (y — y’)? + (z —z’)? is small. 
This implies that the integral itself is exponentially small unless a line through 
(x,y,z) parallel to the x-axis cuts the body. If it does cut the body at a point 
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(é,y, z) then the sensible contribution to (28) comes from the integral over that 
part of the body in the neighbourhood of this point, together with similar con- 
tributions from the other points of intersection. The contribution from one point 
of intersection may then be written 


et M(z~z'—R) 
M(B, y.2)-1A,(y.2)} {| —— 48, (29) 


where / is also a function of y and z, and the integration can be taken over the 
infinite plane lx’ + my’ + nz’ = l§+my+nz. 
With the transformation 


a’ —€ = —(1—[?)}trsind +(1—I*) (z—&), 


- eee htt 
1 e* =B” Ph | 


—mrecos@ nlrsin@ 


-—-2z2=> ( 1—/2)t =e (2) — nl(x — g), 


, 


the integral (29) becomes 


Qn 
d 4 , ‘aa aes by i 
M(B lay [ ma — — i if. exp $.M[l?(2—£)+(1—I?)?rsin# 
— {r2 + [2(~ — £)?\3] dO 
rdr 
= 2M (B,—1A) | ig pgh Er 


x exp $M[P(a— £) — {r? + F(a —£)}4] 
ae texp [EMI{(x —£)—|a—€]}}] 
4n(B,—1A,)/|l| for «> &, 


- eH explo 2) for <6. 


Similarly, the contribution to 


0 (et M@—2’—-R)) 
[fae eceMas 
r) 0 0 et M(z-z’—R) 


0 for x>é, 
-{ - } (31) 
--47A,sgnleM"@-) for a< é. 


Similar contributions come from the other points of intersection. The final 
result is that y, tends exponentially to zero outside a cylinder circumscribing 
the body with its axis along the x-axis. Inside this cylinder on the downstream 
side of the body (x > 0) the asymptotic form of y, is independent of x so that 





is sensibly 





Wy = Wily, 2), 
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and on the upstream side (a < 0) 
hy = Bly, 2) Me, 


where £ is the value of x at the point on the body nearest the point (2, y, 2), 
for which y = y’, z = 2’. 

The argument for y, is similar and only the final results are quoted. Inside 
the circumscribing cylinder yy, = y,(y, z) on the upstream side, and on the down- 
stream side ; ee 

2= B (y,z)e MIP(x—£)_ 

It is now a simple matter to write down the asymptotic forms of the velocity 
components and the pressure. If we consider only the perturbed field, all the 
components are asymptotically zero outside the circumscribing cylinder. Inside 
this cylinder on the downstream side of the body 


M-"p = Uy —U,e-MPe-9), 


V =i+V, + Vye-re-9, 


where Up, u, are the x-components respectively of Vo, V,, these vectors being 
functions of y and z only. (Because of the symmetry of the flow they are in fact 
functions of y? + z* only.) Since V satisfies the continuity equation (12), the same 
must also be true of V, and V, exp { — M/?(x — £)} separately. If Vy is to be regular 
on the axis it cannot satisfy both the continuity equation and the requirements 
imposed by symmetry unless V,aiis zero. Also on the body the boundary con- 
dition Vai = 0 must be satisfied and this now implies V, ai = 0. The continuity 
condition then requires that V, itself be zero. Finally the remaining boundary 
condition at the body (on the x-component of the velocity) is satisfied if w= —1. 

Similar arguments apply on the upstream side of the body, the only difference 
being that the contribution from the terms corresponding to y, and y, are inter- 
changed. Since the boundary conditions are unchanged, the velocity fields on 
the upstream and downstream sides of the body are identical. But, because of 
the interchange of the roles of yy, and y,, the pressures on the two sides of the 
body are equal in magnitude but of opposite sign. 

The following description of the flow field now emerges.* Outside the cireum- 
scribing cylinder the uniform flow field parallel to the axis of the body continues 
unchecked. Inside the cylinder the fluid is stagnant, the non-dimensional pres- 
sure p is equal to WZ on the upstream side and — W/ on the downstream side. The 
drag is clearly given by 


D _2MA 
prau 
or D = 2uHU(opv)* A, 


where A is the cross-sectional area of the circumscribing cylinder. (Note that 
D/pvaU and A/a? are the non-dimensional representations respectively of the 
drag and cross-sectional area corresponding to the pressure p = ap’/pvU.) 


* The result is qualitatively similar to that of Stewartson (1960) for a similar problem 
in which the fluid was perfectly conducting and inviscid. 
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The discontinuity in velocity at the surface of the cylinder arises from the 
fact that the arguments used to obtain the asymptotic behaviour of 7, and y, 
break down wherever / (the x-component of the unit normal to the body) is zero. 
This discontinuity is discussed in greater detail in the following paper where it is 
shown that it is an approximation to a region of rapid transition which, however, 
becomes more diffuse as x—> + oo. It will also be shown that this thickening of 
the shear layer at far distant points explains a further anomaly of the present 
analysis, namely that the boundary condition on the velocity at infinity is not 
satisfied inside the circumscribing cylinder. It is in fact more accurate to picture 
the cylinder as being of length O(./) and the uniform stream being dominant 
everywhere at distances large compared with O(./). 

One further point requires comment. The above argument is sufficient to deal 
with the upstream and downstream sides of the body. However, it may happen 
that a line parallel to the z-axis cuts the body in more than two points so that a 
pocket of fluid appears in the vicinity of the body. If one such pocket is described 
by £, < x < &, then the asymptotic form of the velocity vector there will be 


V = i+ Vo + Vee) + Vi eMe-ty), 


Moreover V, will contain contributions from integrals over planes for which 
x>éandz < &. These contributions to uw) must now be known separately before 
an expression for the pressure can be deduced. The present theory does not 
predict this, and the pressure is indeterminate unless some further condition is 
invoked such as continuity at the boundary of the pocket. But as far as the 
drag is concerned, it is sufficient that the pressure be independent of x, and thisis 
so since it is easily shown that V,ai = V, = V, = 0. 
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The effect of a magnetic field on the flow of a 
conducting fluid past a circular disk 


By W. CHESTER anp D. W. MOORE 


Department of Mathematics, University of Bristol 
(Received 6 December 1960) 


In the previous paper (Chester 1961) it was shown that, for large values of the 
Hartmann number, the asymptotic solution for the flow past a body of revolution 
has a discontinuity on the surface of a cylinder which circumscribes the body. 
The flow in the region of this discontinuity is now investigated in more detail 
when the body is a circular disk broadside-on to the flow. It will be shown that 
there is actually a region of transition whose thickness is O(|x|+/J+), where 
x is the axial distance from the disk and M is the Hartmann number. This region 
is thin near the disk, but gradually thickens until it merges into the over-all 
flow field for x = O(M). 

The leading terms in the expression for the drag are given by 


D_ Mn , 2 
D, 8 \ 'M)’ 
where D, is the Stokes drag. 





1. Introduction 


We consider here a special case of the problem investigated in the preceding 
paper (Chester 1961, henceforth this paper is denoted by C). The same approxi- 
mations are assumed to be valid, and the body is taken to be a circular disk of 
radius a, with its axis parallel to the uniform streaming motion at infinity. It 
will be shown that the mathematical problem for this particular case can be 
discussed in greater detail than the more general arguments of the previous 
investigation allowed. In particular the properties of the shear layer, which for 
M > 1 must exist at the periphery of the circumscribing cylinder, can now be 
discussed, and this is the main purpose of this paper. Since it has been shown 
that the flow field for large values of the Hartmann number is insensitive to the 
detailed shape of the body, it may reasonably be assumed that the results also 
describe the situation for a more general class of bodies. 


2. The basic equations 
The non-dimensional velocity and pressure are given by equations (C 14)- 


(C17), namely V =i+e”"Vd, +e V9, (1) 


ala) i) 
pan Mz 1 Mf o—Mz Ff 2 9 
p= Me Ar Me Ae (2) 
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og 
; V?26,+M = =0, ‘ 
where o,+M Ae 0 (3) 
ad. 
V2d,— M2? = 
pe {—" 0, | (4) 


and the length parameter used in the definition of / is now the radius of the disk. 
Because of symmetry the radial component of V must be zero on x = 0, and this 
implies that 6,+ 6, = 0 on x = 0. Thus (¢, +e~”¢,) satisfies the equation 


G 
V?2+M — 2-Mzg,.) = 0 5 

(v2+ FZ) (,+-™G4) = 0, (5 

and is zero on x = 0. It is therefore identically zero, and so we write 
Gre gt =e (6) 
say, where 2m = M and (V?—m?)¢ = 0, (7) 
V = {1—2m¢ cosh mz} i+ 2sinhmzV¢, (8) 

P _ 4 viii 

a * 2 Ae cosh ma — 2m¢ sinh mx. (9) 


The remaining boundary conditions to be applied are that 
V=0 for t=0 {y= (y?+2)? < lh. 
Also, it is consistent with the equations and boundary conditions to look for a 


solution such that ¢ is symmetrical, and hence p is anti-symmetrical, about z = 0. 
Since 7 is also continuous for 7 > 1, we must have 


p=0 for «=0 (9 > 1). 


In terms of ¢, these boundary conditions imply that 


(10) 


3. Approximate solution for large Hartmann number 
Any solution of (7), which is continuous together with its derivatives inside a 
closed surface S, may be written 


1 op ,cG\,, 
oP)=-z|[ (af-s5)as shi 


where n is the inward-drawn normal to S, P is a point within S, and G is another 
function satisfying the same conditions as ¢ save that, near P,G ~ p~! where 
pis the distance from P. If, inaddition 0G/dn = 0on S, then Gis called the Green’s 
function for this particular problem and 


Pe OP a6 
0(P) = -aa || spas. (12) 
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When S is the plane x = 0, together with a large hemisphere in the positive 
half-plane on which the integral tends to zero as the radius tends to infinity, then 


A= exp [ a mi (x as Xo)” +(y¥— a (z Zo)?}4] 
{(az = ag)? + (y — Yo)? + (2-29) va 
4 exp[— i +2)? +i Yo)? + (2—- 29)*}4] 


(13 

{(a + 29)? + (y — Yo)? + (2 -—%9)?}4 ) 
where P is the point (Xp, Yo, 29). 

Thus, if : 

1p 

at 


S| & 


= v(y¥,2) on z=0, 


we have, omitting the suffix, 


$(e.y,2) = -5| [ xly’, 2) Plame v9 P+ 2 ayes. (14) 
2m J, {x? + (y—y')? + (z-2')}4 
Consider now the argument used in C. We note first that, by (10), vy = 0 
except on the surface of the disk. Hence, for large m, e”” ¢ is exponentially small 
unless a line through (x, y, z) parallel to the x-axis meets the surface of the disk. 
If it does, then the sensible contribution to the integral comes from the neigh- 
bourhood of the point (0, y,z). Thus we write, approximately 


V(y, 2) exp [—m{x? + +ig~e P+ _ 
rT 


“ J] dy’ dz’ (15) 
fa2+ (y—y')? + (2—2')3 


P(x Y,2) = 
for points inside the cylinder circumscribing the disk. The argument then pro- 
ceeds by integrating over the whole plane —«0<y' < 0, —-w<2'’< o. 
This gives 


1 
Aim 4 — —-_p-mMmzry 2). A 
P(X, Ys 2) = —— em (y, 2) (16) 


and since, by (10), 


ow) = = for x=0 [(y? + 27) < 1}, 


2n 
we have, finally, y = —4 and so 
g = = en fe «>0 
2m 
In particular, by (9), 7 = — 2m, which agrees with the result in C. 


The argument fails for points near the surface of the circumscribing cylinder. 
It makes y discontinuous at the edge of the disk, and the variation of x in this 
region will affect the integral in (14) significantly if (y?+2?) is close to unity. 
However, when m is large, any point for which this is true must lie within a 
distance O(m-) from the surface y? +z? = 1, otherwise the exponential factor in 
the integrand of (14) will be small enough to make the error in y unimportant. 
(This is true only for x < 1M. Further comment on this , int will appear later.) 
On such a length scale, the radius of curvature of the edge of the disk is large, and 
the previous argument can be refined by replacing the disk by a semi-infinite 
plane. The edge of this plane is to be tangential to the disk at the point of its 
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edge nearest the point (7, y,z) at which ¢ is being evaluated. It is sufficient to 
consider only points (x, y, 0); the value of ¢ at other points is then deducible from 
symmetry. The disk is then replaced by the semi-infinite plane x = 0, y < 1. 

To return to the original equations, the problem now presents itself in the 
following form. A two-dimensional solution of (V?—m?)¢ = 0 is required under 
the boundary conditions 

¢= 3 for r=0 (-w<y<)), 
ap (17) 
-=@ for @=0 (b<g < @). 


We also require that ¢ > 0 at infinity, except for x = 0, y-> — o. This last 
qualification is necessary because of the artificial boundary condition now im- 
posed on the plane x = 0. This will not incur any serious error since we are inter- 
ested in the solution only in the vicinity of y = 1. 

Problems similar to this have been familiar in diffraction theory for some time 
(Gunn 1947; Chester 1950), and it is not difficult to derive the appropriate solution 
in the present case. 

We first substitute x = rcos@, (y—1) = rsin@, so that the two sides of the 


semi-infinite plane become 6 = — 47, 6 = 37. Then the equation 
q2 2 
o*p OC 
x 9 + ct = md 
ox* Oy? 


has solutions of the form 
(2r)# sin 3(0—0,) 
coef e~m? dy. (18) 


These solutions are most easily obtained by transforming to parabolic co- 
ordinates (Lamb 1932; Gunn 1947). If the various possible solutions are com- 
bined, it is found that the appropriate function satisfying all the boundary 


conditions is 


j a a 
b= s ( =) oad | emda sens | em dy (—327 <6 < 3m). 
( 


2r)isin 30 (2r)* cos 40 
(19) 


This is the unique solution of the problem as presented. It is continuous in the 
whole plane, but ¢d/¢x is discontinuous across x = 0, y < 1. On the plane x = 0, 
¢ is essentially zero for y > 1 and 1/2m for y < 1 with an error which is exponen- 
tially small except near y = 1. There ¢ = 1/2m and is continuous in its neigh- 


bourhood. Also ¢¢/éx = 0 for x = 0, y > 1, and for y < 1, 0 = —}z, 
a 4 ms +a]. ed) — e™ (1-9) a (20) 
2M ox 2 mt) mia—y)t 2{mm(1 —y)}4 
Thus ¢¢/éx = —} with an error which is exponentially small except near 


y = 1 where ¢¢/éx has an integrable singularity. It is also discontinuous across 
«= 0, y < 1, taking equal and opposite values at corresponding points on the 
two sides. 
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Away from the disk, say for x > 1, equations (8) and (9) show that the velocity 
and pressure are given asymptotically by 


V—i ~ e™ V(e-" 6), (21) 


p| 2m ~ em = e-max ¢). | 


F) 22 
e2mx —_ (g—mar ) ~ -(; i) e74? da, (22) 
Ox ( 


7 2mr)* sin $0 


Now, from (19) 


A $ 
emer = : (sar) (cos 39 +sin 36) e—2mr sin? 40. (23) 


which shows that there is a region of sharp transition in the neighbourhood 
of = 0, across which p/M and the x-component of (V —i) change rapidly from 
—1(0 < 0) to 0(@ > 0). The y-component of V is exponentially small everywhere 
save in the region of transition. This region contains the points for which 
mr sin? $0 is not large, and so is roughly parabolic in profile with thickness 
O(|a|#/12) (by symmetry there is a similar region on the negative side of the 
plane x = 0). Thus it is thin where jake O(M) but gradually thickens until it is 
smeared out completely for |x| = O(M). 

When the solution is applied to i circular disk, the co-ordinate 7 is to be 
interpreted as the distance from the field point considered to the nearest point 
on the edge of the disk, the angle @ is the inclination of this line to the z-axis. 
Some comment is also necessary on the validity of the solution when applied 
to the disk problem. It is correct only in the shear layer, and only where that 
layer is thin, so that the effects of curvature are of secondary importance in 
determining the nature of the flow. It is not really correct to regard it as extending 
beyond this region, although for x < M, it does agree with what the results of C 
would lead one to expect. 

The situation resembles that in boundary-layer theory. The equations of that 
theory are assumed valid in a thin region of the flow, and outside this region it is 
assumed that there is a known main stream flow. The latter is used as a boundary 
condition for the edge of the boundary layer, and it is a common procedure to 
apply this boundary condition at infinity. In the present problem the ‘main 
stream flow’ can be thought of as that given by the more elementary theory of C, 
both inside and outside the circumscribing cylinder. This provides the boundary 
conditions at infinity for the problem of the semi-infinite plane. 

The breakdown of the solution for large values of x also has its analogue in 
boundary-layer theory and can be explained by the fact that the radial scale of 
length in the transition layer eventually becomes comparable with the length 
scale in the other directions. Alternatively by reference to (14) it will be seen 
that as r = (x?+y?+2z2)? increases, the sensible contribution to the integral 
depends more and more on the over-all value of x, rather than its value in some 
small neighbourhood of the disk. In fact, for r > M it is eigass seen from (14) 


that e-mr - 
~ Qar =| [aw 
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where the integration is now taken over the plane of the disk. If this value of 
¢ is substituted in (8), it follows that the perturbation velocity components tend 
to zero exponentially at infinity in every direction except the x-direction, where 


\V—i| - 0| 


mer a 


Finally we may add that a uniformly valid solution for ¢ could be obtained 
from (14), since the value of y(y’, 2’) on the disk is now known. The results will 
not be given since all the essential information has already been obtained from 
the ‘boundary-layer’ theory. The qualitative picture is essentially that given 
above. There is a thin shear layer in the neighbourhood of the cireumscribing 
cylinder, which gradually thickens as |z| increases until eventually it fuses into 
the main stream flow for |x| = O(/). 

The drag for large values of M is easily obtained by integrating the pressure 
(given by (20), with y now interpreted as the radial co-ordinate) over the surface 
of the disk. Note that the pressure over the interior of the disk contributes a 
term of more significant order to the integrated pressure than the contribution 
from the edge effect. Now the pressure over the interior is in error by an exponen- 
tially small amount. Near the edge the error is more significant, but of less 
significance than the terms already displayed in (20). This means that (20) should 
yield the first two leading terms in the drag. When evaluated, they give 
ail = 2Mn(1+2/M). (24) 


4. The validity of the basic equations 
In C the equation of motion is derived in the form (C9) 


R(V.V)V = —Vp+V2V + MXV ai) ai, (25) 


and the whole of the analysis is based on the assumption that the term on the left- 
hand side of this equation may be neglected. When M < 1, this is valid provided 
R <M. For the term M?(Vai)ai modifies the Stokes solution by a factor 
{1+ 0(M)} (Chester, 1957) whereas the term R(V.V) V modifies the solution by a 
factor {1+O(R)}. 

We consider here the validity of the assumption for M > 1, and the significant 
region is then the shear layer. From (19) one can deduce that in this layer, 


the axial component of velocity = O(1), 


the radial component of velocity = O(M-4), 


the pressure = O(M), 
0/0x = O(1), 
0/ey = 0(M}). 


It then follows that the four terms in (25) have respectively the following orders 
of magnitude for the axial component of that equation, 


x, & 2 S 
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and, for the radial component, 
RM-+, Mi, M, Mi. 


Thus the same condition, namely R < M, is also required for M > 1. It is worth 
noting that, for 4 > Rand M > 1, equation (25) simplifies to 

Cp _ OV, OP __ py 

Cx On?’ On ” 
where V = (1+V,,V,). One may verify that the approximate solutions do, in fact, 
satisfy these equations. Note also that the second of these equations explains the 
mechanism by which the large pressure gradient across the shear layer is main- 
tained by balancing the Lorentz force. 
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The action of Vlasov waves on the velocity 
distribution in a plasma 


By J. W. DUNGEY 


Atomic Weapons Research Establishment, Aldermaston 
(Received 19 December 1960) 


A one-dimensional model with no magnetic field is considered. It is supposed 
that the plasma starts in thermal equilibrium and then a current is forced to 
grow. Instability leads to the growth of waves, which are shown to stir the 
distribution in phase space, but only over a limited range of velocity. It is con- 
cluded that in order to restore stability the energy in the wave must become 
comparable to the energy of drift. 





1. Introduction 

Vlasov waves grow when a plasma is electrostatically unstable. This kind of 
instability may be expected in a great variety of devices designed for confining 
a plasma and in particular has been suggested as the cause of ‘pump out’ in Stel- 
larators (Bernstein, Friedman, Kulsrud & Rosenbluth 1960). The existing theory 
tells us little more than the stability condition in the simplest case, in which the 
problem is one-dimensional, the plasma is uniform in space and all magnetic 
effects are ignored. From here it is possible to proceed in various directions by 
removing different simplifying assumptions, and obviously one should not re- 
move more than one at a time. The aim of this investigation is to remove the 
assumption of linearization. Linearized theory gives the stability condition, but 
it is important to know how strong the waves grow and this is an essentially non- 
linear problem. 

The problem is posed as follows. Suppose that a plasma is initially in thermal 
equilibrium and a gradually increasing current is driven through it by an electric 
field. If Up is the difference between the mean velocities of the electrons and ions 
and v, is the thermal velocity of electrons, Vlasov instability sets in when 
Up reaches about 0-93v,. It is evident that the instability takes energy from the 
electric field, but suppose that the external circuit is such that the current still 
increases (this is usual in practice). How strong do the Vlasov waves grow and 
what is their effect on the overall behaviour of the plasma? 

If the velocity distribution were always Maxwellian, one could say that the 
Vlasov waves heat the plasma and the rise in temperature tends to restore 
stability. The time scale of the Vlasov waves is related to the plasma frequency, 
which in practice is very large. Typically the plasma period may be 10-!2sec, 
while the time scale 7' for the growth of the current is seldom less than 10-6 sec. 
Consequently, even if the growth time of the waves were hundreds of plasma 
periods it would still be short compared with 7’. This suggests that the waves will 
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adjust their amplitude in the following way. The heating due to the waves should 
raise the temperature at such a rate that the plasma is always near the critical 
condition: drift velocity ~ 0-93 x thermal velocity. Then the temperature must 
rise with a time scale ~ 7', which suggests that the wave amplitude is not large. 
If so, the linear theory may be valid, in which case the heating should be obtained 
from the second-order terms. 

In the linear theory the distribution function f, for say the electrons, is written 
fO+f, where f® is the first-order perturbation. The linearized collision-free 
Boltzmann equation then gives 


io +kv)f® = “ Eef|dv, a) 


where w the angular wave frequency is complex, k the wave number is real and E 
the electric field is a first-order quantity proportional to exp [7(wt + kx)] (there is 
no applied field in the linear theory). The heating must depend on the component 
of the electron current density in phase with the electric field and this is propor- 
tional to the imaginary part of 


i} vef/evdy _ aes 





otkv ik ot+kv 


Now it has been suggested that the imaginary part of w (the growth rate) is 
small and in this case the imaginary part of the integral comes almost entirely 
from a small range of velocity near the wave velocity. This is familiar. The 
growth, or, in the case of Landau damping, decay, is almost entirely due to 
‘trapped’ particles with velocities near the wave velocity. The width of the 
velocity range involved is of order k~1.%(w). Now, because few particles are 
involved, we can have no confidence in the assumption that the velocity dis- 
tribution remains Maxwellian, and a deeper investigation is required. 


2. The general stability condition 

The stability condition for any velocity distribution (uniform in space) has 
been obtained by several authors and is given in an elegant form by Penrose 
(1960). 

Penrose’s analysis also enables us to obtain the velocity and an estimate of 
the wavelength of the fastest growing wave and his results will now be sum- 
marized. They involve the function F(u) defined by 


F(u) = Db Ane} f,(u)/m;, 


where f;(w) is the one-dimensional distribution function for the jth type of par- 
ticle. The dispersion equation is then 


k? = Z(wJk), 


where Z(t) = | ” (u—¢)-\(dF/du) du (2) 


in the upper half-plane and is continued analytically across the real axis. 
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Penrose represents this by drawing the curve of real € on the Z-plane and 
obtains a necessary and sufficient condition for instability, which is that F(w) 
should have a minimum at some value ¢ of wu such that 


[7-92 w-F@lde > 0. (3) 


In the present problem it is easy to see that F(w) already has a minimum when 
Up exceeds a small fraction of v, and hence that the onset of instability at 
Up = 0-93, is due to the integral in (3) changing from negative to positive. 


F(Z 








FIGURE 1] 


When U, just exceeds the critical value, the curve of real € on the Z-plane looks 
like figure 1, and the minimum ¢ = £ is the point where the curve intersects the 
positive real axis. The growing waves are represented by points between here and 
the origin and, so long as the growth rate is small, satisfy the approximate dis- 


persion relation 
k? 8 (C-£) (@Z (dl) gg, (4) 


where k? is the value of Z at € = £. The velocity of the waves is close to € and 
the growth rate is related to the wavelength by 


I(w) = k(k? — kg) F[(dZ/dl)e2¢]. 
The fastest growing wavelength is given by k, = k/,/3, and hence 


x —4F (of H[(dZ/AQ 72D. (5) 
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To obtain an order of magnitude for k,, {4[(dZ/d¢)z2,]}1 may be approxi- 
mated by 4[(dZ/d¢),_,], assuming that #(dZ/d¢),_, is smaller. When € is on the 


upper side of the real axis, we see from (2) that 
JI(Z) = (dF /du),_y, (6) 
and then JI (dZ/d€) = n(d?F/du*),,_¢. 
For a Maxwellian distribution 
d?f/dv? = n'n(m/2kT')3 (mv2/kT — 1) exp ( —mv/2kT). 
Now at the minimum, mz? is the same for protons and electrons and near the 


critical condition is about 1-7k7'. Consequently, the ion contribution dominates 
in (d?F/du?),_- and we find 
k? ~ 0-3.4(w) ne?(2m,/2k3T3)? ~ 5.10-7.4(w) nT? em 
for deuterium. 
With -4(w) ~ 10®sec!, n ~ 10'6em-3 and 7 ~ 107 °K this gives a wavelength 
2n/k, of about 1mm. 


3. Stirring in phase space 

We now consider the effect of the wave on the velocity distribution. This 
may not be very sensitive to the growth rate and, since we are interested in the 
case where the growth rate is small, it seems sensible to consider the case in 
which there is no growth or decay, that is the frequency is real. Such waves 


(3) 








FIGURE 2 


have been studied by Bernstein, Greene & Kruskal (1957), who showed that 
solutions representing waves of finite amplitude and having a considerable 
degree of arbitrariness exist. Their method is to use a frame moving with the 
wave and demonstrate the existence of steady solutions. We also use this frame, 
but study the effect of the electric field belonging to the wave on the distribution 
function, supposing that the latter is not chosen to give a steady state. In the 
chosen frame we neglect the variation of the electric field with time and it is then 
possible to draw the trajectories of particles in phase space. This is done in figure 2 
for an electric field E cos kx, which is chosen for simplicity. It is seen that there 
is a row of ‘eddies’ with their centres on the zero velocity of this frame. Outside 
the eddies the trajectories are wavy lines whose amplitude decreases with the 
mean value of v like v-!, because the frequency seen by a particle with mean 
velocity v is k/v. 
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The period of rotation in the centre of an eddy is given by the period of simple 
harmonic motion in a field — Eka. Hence the angular velocity in the centre of an 
eddy is 


S = (eEk/m)}. (7) 
The electrostatic potential is —k—1# sinkx and the half-width of the eddies in 
velocity is a = 2(eH/mk)t = 2k-18. (8) 


This may be compared with the range of velocities of trapped particles found 
above from the linear theory; when the growth rate is small we may expect a to 
be the larger. 








FIGURE 3 


Now the collision-free Boltzmann equation is equivalent to Liouville’s theorem 
which states that if one follows the trajectory of a particle in position, velocity 
and time the distribution function remains constant. Thus in a steady state the 
contours of constant f must be the trajectories of figure 2. In a non-steady state 
the motion depicted in figure 2 will ‘stir’ the distribution and this will be much 
more effective in the region of the eddies than elsewhere. The effect on the distribu- 
tion may be seen by supposing that there is a contour of constant f passing through 
the centres of all the eddies. As the eddies rotate this will be wound into spirals, 
one in each eddy. Each rotation of an eddy adds a turn to the spiral and hence 
the spiral becomes tighter. The effect on the distribution function at a position 
corresponding to the centre of an eddy (that is a potential trough) is shown in 
figure 3. The dotted line represents the unperturbed distribution function, and 
the full line shows the rapid variations caused by the stirring; each turn of the 
eddy increases the numbers of maxima and minima in this curve by two. It 
then follows that the scale of variation of f with velocity in the eddies becomes 
smaller and hence that |¢?//év?| becomes larger. This shows that collisions must 
be taken into account and the Fokker—Planck equation is appropriate. The full 
Fokker—Planck expression (Rosenbluth, MacDonald & Judd 1957) is compli- 
cated, but for a preliminary study we need only note that it has the form 


y ¥ 
x Go _ +H(v) f| 


where G and H depend on integrals over v involving f, but these are unlikely to 
be greatly altered by the sort of disturbance shown in figure 3. Thus the Fokker— 
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Planck term may be described as representing diffusion of particles in velocity, the 
stable distribution function towards which they tend to diffuse being the Max- 
wellian distribution determined by the number of particles and their total 
momentum and energy. Like a diffusion term it removes small-scale variations 
more quickly than large-scale variations. As |0?f/0v?| is increased by the stirring 
the Fokker—Planck term must eventually become important. When it smooths 
out the oscillations in figure 3, the full curve of figure 4 results. This then gives a 
qualitative idea of the effect of the wave on the distribution function: the distribu- 


f 











FIGURE 4 


tion function develops a ledge centred on the wave velocity. Clearly particles 
have been transported across the wave velocity from the side of high f to that of 
low f. When the wave velocity is at the minimum of F, this reduces the current 
density as expected. The stirring mechanism is similar to a Fermi mechanism 
in that it tends to produce a flat distribution in the velocity range in which it 
operates. The effect on the velocity distribution tends to make it more stable, but 
it has been assumed that the current is forced to increase by the external circuit. 


4. The mechanism of stabilization 


The Penrose criterion is strictly applicable only when the distribution func- 
tions are uniform in space. It may be used to discuss the development of the 
waves, however, by formulating the problem as ‘if the waves stabilize themselves 
and die away and the spatial variation of the distribution is smeared out, does a 
new wave grow?’ On this basis the Penrose criterion will be applied to distribu- 
tions in which ledges have developed as a result of the waves’ action. 

The difference between the effect of the waves on the electron and proton 
distributions can be seen by noting that S and a are both proportional to m-4. 
For a wave at the velocity of the original minimum the two distributions can be 
scaled, all velocities being smaller for the ions in the ratio (m,/m,) and times 
being longer for the ions in the ratio (m,/m,)4. The collision time also behaves 
in this way and hence the Fokker—Planck term also scales. Because the ledge 
developed in the electron distribution is wider than that of the ions, the minimum 
in the new distribution is at the inner edge of the electron ledge, that is at a 
velocity nearer the mean electron velocity than the original minimum. The 
electric field driving the current also moves the electron distribution in this 











er =z & &©& © Of, & © @ B&F on 2nd dapy eo, 


Lael 





, the 
fax- 
otal 
ions 
ring 
oths 
eS a 
ibu- 








The action of Vlasov waves on the velocity distribution in a plasma 479 


direction, and only moves the ion distribution by a fraction m,/m; as much. 
Consequently, one expects the minimum to move away from the mean ion 
velocity, and one may expect from Penrose’s criterion that the velocity of the 
wave U,, will follow that of the minimum. As U,, changes, the eddies in figure 2 
sweep across the distribution and churn particles down the slope. If U,, could 
sweep far enough across the electron distribution, it would be possible by means 
of a succession of weak waves to stabilize the plasma for a given current density; 
this has been verified by computations. It is unreasonable that the minimum can 
move very far from the mean ion velocity, however. On the ledge formed by the 
action of the wave of,/0v is small, but not very small; even though f, is very nearly 
constant in the centre of an eddy, there must be an appreciable variation between 
the eddies which contributes to the space average. In the tail of the Maxwell 
distribution for ions, however, ¢f,/0v decreases very rapidly and so the minimum 
cannot be far out in their tail; more precisely the difference between the velocity 
at the minimum and the mean velocity of the ions cannot be many times v,; 
unless the ion tail itself were spread by the wave sufficiently, but it has already 
been seen that the effect of the wave on the ions is much less than its effect on 
the electrons. 

The argument based on figure 1 that U,, must be near the velocity of minimum 
F breaks down when F is nearly constant over a range of velocities including the 
minimum, which is the case after the formation of a ledge. Then from (6), .4(Z) 
for real € is small over the whole range of velocity in which F is nearly constant. 
It is then possible for the fastest growing wave to have its velocity anywhere 
in this range and, if U,, were near the end of the range nearest the electrons, 
stabilization by weak waves would be possible. In order for this to happen #(Z) 
for U,, must be less than &(Z) for € but still positive. With a Maxwellian distribu- 
tion distorted by a small ledge, however, one finds that #(Z) increases as § 
moves towards the electrons, and consequently U,, can still not be far from the 
ion velocity. When the current density grows to several times its original critical 
value, it is necessary to redistribute the velocities of a large proportion of the 
electrons in order to restore stability. This requires the trapping of a large 
fraction of the electrons and hence the potential difference in the wave must be 
comparable to the energy of relative motion ~ 4m, U%,; the energy of the wave is 
also of this order. With the numerical values given previously the rate of stirring 
S is then ~ 5.10!°sec"! for electrons and ~ 10°sec~! for deuterons. Thus the 
stirring process, which has been assumed to form ledges in the distributions, has 
plenty of time to occur. 


I am indebted to Dr F. D. Kahn for several enjoyable and very helpful 
discussions. 
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REVIEWS 


Similitude Physique: Examples d’Applications a la Mécanique des 
Fluides. By Anpr& Martinot-Lacarpe. Paris: Gauthier-Villars, 1960. 
70 pp. 14.00 N.F. or $3.00. 


This little book deals with the notions of similarity and dimensional analysis. 
The first chapter gives a clear definition of the basic concepts of similarity 
conditions and similarity results in mechanics and physics, and states the funda- 
mental theorem of Bridgman on the ‘product of powers’. A very complete 
proof, which includes the case of discontinuous functions, may be found in an 
appendix. Chapters 1 and m1 are devoted to dimensional analysis; it starts with 
Vaschy’s Theorem (or 7 theorem) which gives the key to the method. But, as 
everybody knows, some care is required, especially for physical constants which 
are not dimensionless, and for the arbitrary choice of the group of fundamental 
dimensions. The apparent paradoxes arising from these difficulties are explained 
with some interesting examples chosen from fluid mechanics. The author also 
shows in great detail how to apply this method in practice. 

In Chapter tv, the author deals with the ‘direct method’; in such a method 
all the equations and boundary conditions of the problem have to be written 
down and the task is to investigate how the relations may remain invariant by 
some change of scale. This method is explained with a few good examples which 
provide opportunities for some useful remarks. In particular, it is clearly 
shown that in many cases this last method may lead to the required result in 
an easier way than the apparently simpler method of dimensional analysis. 

The danger with a monograph on this topic is that it may be either too long 
and too theoretical, or too short and too vague. In the reviewer’s opinion, 
Professor Martinot-Lagarde has succeeded in writing a very convenient and 
useful book which is rigorous without using too many abstract concepts, and 
at the same time never loses contact with the physics. P Cen 
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